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Abstract

In the last decade Anderson Localization of Light and Random Lasing has attracted a variety of
interest in the community of condensed matter theory. The fact that a system so inartificial as a
thin layer consisting of dust particles, which have amplifying properties, can produce coherent laser
emission, is of a simple elegance, which promises new insights in fundamental physics. The Random
Laser consists of randomly distributed scatterers which have amplifying properties, embedded in an
either amplifying or a passive medium. There is no need of an external feedback mechanism, like in
the system of a conventional laser. Despite the striking chasteness of the effect, there are still vivid
discussions about theory for the random laser, which has not been fully described yet. Whereas
there are several attempts to enter the subject numerically by considering cavity approximations,
this thesis is concerned with building a microscopically self-consistent theory of random lasing. In
order to design this method we had to study light localization effects in random media including
absorption and gain. We incorporated interference effects by calculating the Cooperon contributions
and we found, that we reach Anderson localized states for passive media. Mapping this theory
on a system which consists of laser active Mie-scatterers in a passive medium, we found that by
incorporation of the Cooperon, we loose the Anderson localization again, but the system is still
weakly localized, which is sufficient for the enhancement of population inversion and stimulated
emission. The description of a random lasing system is completed by coupling the analytically
derived microscopic transport theory to the laser rate equations of a four level laser and solving
the system numerically self-consistent. Finally we develop a generalized method for describing light
transport, multiple scattering and interference effects in a translationally non-invariant system of
finite size analytically. The solution of this theory coupled to the rate equations gives us a closed
theory to calculate transport and lasing properties of a random lasing slab geometry.
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Chapter 1

Introduction

This thesis is concerned with light propagation, transport and amplification in random media in
general, which is a wide area of research. Whereas we find undamped propagation in the case of
vacuum, in the random medium we have to consider mainly two different mechanisms of transport.
First the diffusive processes which lead to an exponential decay of the light intensity and second
the interference processes which may lead to Anderson localization. Finally the interplay of these
transport mechanisms may lead in amplifying media to an effect which is called random lasing.

72 4

Figure 1.1: Schematic illustration of light transport in the three different regimes. Shown is the
incident light pulse (intensity) in position space (upper row) at t = 0 and the same light pulse
after a finite time t > 0. In the ballistic regime, i.e. in the absence of disorder (left column),
light propagates with the bare speed of light, whereas in diffusive regime with weak disorder (center
column), the initial pulse decays slower. Finally in the localized regime, i.e. strong disorder, (right
column) the light pulse does not decay at all, light intensity is localized within a given a volume.

Random lasing is a phenomenon which has been discussed during the last decade for various dis-
ordered media. Optical gain in such a laser is either achieved by introducing a laser dye, or the
scattering structure is excited to deliver optical gain itself [1, 2]. In the first case passive scatterers
are embedded in an optically active host medium, whereas in the latter case the host medium is
passive and the scatterers are themselves active. A combination of those two realizations should
also be accessible. One example of a scattering and amplifying random media is ZnO powder.
ZnO powders are ideally suited for application in random lasers because of their relatively high
refractive index (ZnO the refractive index is 2.3 in the ultraviolet near-band-edge region) leading to
strong light scattering in combination with an adequate optical gain if sufficiently excited [3, 4] .

7
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Figure 1.2: The experimental results with ZnO semiconductor powder show sharp spectral features
and lasing emission from spatially confined regions. H. Cao et al., PRL 84, 5584 (2000)

A conventional laser is usually constructed from two basic elements: a material that provides optical
gain through stimulated emission and an optical cavity that partially traps the light and therefore
provides the necessary feedback mechanism. When the total gain in the cavity is larger than the
losses, the system reaches a threshold and lases. It is the cavity that determines the modes of a
laser, that means, it determines not only the directionality of the output but also its frequency.
Random lasers work on the same principles, but the modes are determined by multiple scattering
as intrinsic feedback and not by a laser cavity.
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Figure 1.3: D.S. Wiersma et al., Nature 406, 132 (2000) (a) Conventional Laser versus (b) Random
Laser. Whereas the conventional laser consists of an amplifying material and an external feedback
mechanism, the Random Laser contains an intrinsic feedback mechanism, all the multiple scattering
processes, and therefore the gain is intrinsically influenced.

Multiple scattering as the underlying principle of light transport in disordered media occurs in nearly
all optical materials that appear opaque and is very common in nature. In a lot of processes multiple
scattering is the origin of loss of intensity, so is mainly a process which has been tried to avoid.

This type of propagation (see Fig. 1.2) is that of a random walk, just as in the Brownian motion of
particles suspended in a liquid. The fundamental parameters describing multiple scattering are the
mean free path (the average step size in the random walk) and the diffusion constant. Scattering in
disordered optical materials is complex yet completely coherent. This means that the phase of each




of the optical wavelets undergoing a random walk is well defined and interference effects can occur,
even if a material is strongly disordered.

The most self-evident visualization of interference of multiply scattered light is that of a laser speckle,
which is the grainy pattern observed when looking at a laser pointer that is scattered from a piece
of paper. As interference we can discuss two or more wave interference as well as self interference.
It is important to remark, that interference contributions arise only due to light paths in the sample
which are identical but traveled along in opposite directions, these are the so-called time-reversed
paths as illustrated in Fig 1.4. As a consequence we find that in the direction of back reflection
the light intensity is amplified by a factor of two, only due to the existence of such interference
phenomena. FExperimentally such phenomenon is observed and named Coherent backscattering
effect.

Figure 1.4: Inverse path-directions lead to interference effects.

The difference between light diffusion and multiple scattering is that (bare) diffusion refers to a
simplified picture of multiple scattering in which interference effects are neglected. Multiple scat-
tering due to randomness not only occurs in natural materials, but is also intrinsically present in
photonic materials, such as photonic crystals, intended for the realization of optical devices. In
those materials, multiple scattering has always been considered an unwanted property arising from
structural artefacts. It has now become clear that such artefacts are difficult to avoid [5]. Using
multiple scattering to introduce new functionalities therefore opens up a completely new perspective
on disorder in photonic materials.

An additional effect requiring consideration regarding light transport is the fact that the randomly
distributed scatterers are of finite size. This leads to geometrical resonances within the scatterers
itself. In case of spherical scatterers such resonances are called Mie resonances. In two dimensional
structures this effect is also called a whispering gallery mode. If the light frequency is in or close
to a Mie resonance, then the transport of intensity is affected, because light can be stored in such
resonances, and therefore the transport is slowed down, resulting in a smaller diffusion constant.
To develop a theory that can describe all aspects of a random laser is very difficult. A complete
model would have to include the dynamics of the gain mechanism because gain saturation forms
an intrinsic aspect of an amplifying system above threshold. Without gain saturation, the intensity
would diverge leading to unphysical results. In addition, interference effects have to be included to
describe the mode structure. Interference in multiple scattering leads to a granular distribution of
the intensity called speckle (Fig. 1.2). In most random materials, the intensity is spread throughout
the sample and the modes are extended. In certain random materials, interference can lead to an
effect called light localization [6, 7, 8], which is the optical counterpart of Anderson localization
of electrons [9]. Owing to interference, the free propagation of waves and thereby the multiple
scattering process, comes practically to a halt in that case. This can be understood in terms of the
formation of randomly shaped but closed modes with an overall exponentially decaying amplitude
(Fig. 1.2). The average spatial extent of these localized modes defines a length scale called the
localization length. Localization can only take place in optical materials that are extremely strongly
scattering, the requirement being that the mean free path becomes smaller than the reciprocal wave
vector : kI < 1. This is also known as the Ioffe - Regel criterion [10]. The need for a detailed
model of random lasing became clear after an observation by Cao and co-workers, who found that
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carefully performed experiments revealed narrow spikes in the emission spectrum on top of a global
narrowing [11]. Attempts to understand the origin of these spikes have led to a vivid discussion in
the literature.

In a random laser, light is confined within an amplifying disordered medium due to permanent
scattering on a microscopic length scale. The light is thus retarded from leaving the active region up
to the limit of localized light [15, 16]. The localization of light is caused by constructive interference,
because elastic scattering of light is a completely coherent process.

The onset of lasing is demonstrated typically by a threshold-like behavior of the optical emission
[4], but only under certain conditions do narrow laser lines, similar to those of conventional lasers,
occur [12]. The origin of such spectrally narrow laser lines is still open to interpretation. It has been
attributed to strongly localized modes of the light in the sense of an Anderson localization [13] that
cannot be explained in a purely diffusive model where interference effects are neglected [14].
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Figure 1.5: Schematic description of a conventional four level laser. The reservoir electrons (ground
level) are pumped to the third level, from where they relax almost immediately to the second level.
Finally an inversion between the second and the first level is reached and by stimulated emission the
electrons relax coherently into the first level. This process is called lasing. Finally they relax to the
ground level.

In this thesis there is a transport theory described which has been developed for either amplifying or
absorbing bulk material with embedded amplifying or absorbing Mie scatterers in random positions.
The theory is further expanded for samples with finite sizes and also coupled to a system of rate
equations for a conventional four level laser (see Fig. 1.5). This system is solved self-consistently.




Chapter 2

Light Waves in Random Media

In this chapter we want to introduce briefly the various well known methods and strategies used in
this theses to derive a self-consistent theory of light localization and random lasing in disordered
media. The given introduction is rather general than complete and the interested reader is asked
to proceed to the references given here. Nevertheless the introduction to Maxwell’s equations,
the Method of Green’s functions and the information provided by the diverse moments are very
important for the translations of the physical pictures into the theory of this thesis.

2.1 Maxwell Equations

The original, microscopic Maxwell-Theory of electromagnetism has a very clear and simple structure
which is the reason for its beauty. Electromagnetic phenomena such as light are described by
Maxwell’s equations, which determine the evolution of the electromagnetic fields. These are vector-
valued functions of space and time and known as the electric field E and the magnetic induction
B. Further we introduce the charge and current densities p and J which are the sources for these
fields. If the charges and currents are known, then the evolution of the fields E and B is governed
by the following coupled set of partial differential equations, the microscopic equations in vacuum
expressed in Heaviside-Lorentz units [66]

OE = NxB-J (2.1)
OB = —cVxE (2.2)
V-E = p (2.3)
V-B = 0. (2.4)

We have chosen the system of units in which all quantities are dimensionless, and the electric
permittivity €,,. and the magnetic permeability fi,q. are equal to 1. If we place some material in
the vacuum, the atoms comprising it will be affected by the electromagnetic fields and via their
motion produce (excess) charges and currents. The response of the atoms is in general determined
from quantum mechanical calculations, and the coupled material-Maxwell system would have to be
solved self-consistently. This is practically impossible and in addition unnecessary, since the variation
of the fields on the atomic lengths scales is not interesting. Therefore some kind of simplification
has to be introduced in the way that we establish the so called macroscopic fields. In order to obtain
these macroscopic equations, we separate charge and current density into two parts p = p; + p2,
J=J+ fg, where the ones describe the free parts and the others the bound parts Ref.[67]. To
eliminate ps and Jo the polarization and the magnetization of the sample are introduced

pp=-V-P  Jo=—(0P+cVxM) with po+V-Jo=0 (2.5)
This is always possible but not unique. Introducing two additional new fields

11
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we eliminate P and M, where the rightmost equalization in Eq. (2.6) and Eq. (2.7) is valid in a
linear response approximation. The magnetic field H and the electric displacement D describe the
electro-magnetic fields within matter, and the susceptibility x. and x,, characterize the response
of the system to external fields, and they are therefore material dependent properties which can be
calculated microscopically.

This procedure leads us finally to the macroscopic Maxwell’s equations of electrodynamics

—

oD = NxH+J (2.8)
OB = —VxE (2.9)
V-D = p (2.10)
V-B = 0 (2.11)

By performing a coarse-grained average, which leaves the linear relations above unchanged, one
finds the macroscopic interpretation: E and B are the averaged microscopic fields. The fields H
and D can be understood by identifying P and M in leading order with the electric and magnetic
dipole moment densities.

The dielectric constant is a macroscopic quantity, which represents on average the linear response
of matter to an external field. By assuming e to be complex, we introduce dissipation. We find
absorption of light in case of a positive sign of the imaginary part of €, and amplification of light for
a negative sign. The macroscopic Maxwell’s equations Eqgs. (2.8-2.11) together with the two linear
constitutive relations Eq. (2.6) and Eq. (2.7) represent a complete and unique system of equations.
For a more detailed discussion see e.g. [67].

It is convenient to eliminate either the electric or the magnetic field in one of the dynamic Maxwell’s
equations in order to obtain a closed equation in one of the fields. The vector wave equations

= = oo B 0% - . 0 -
V xV x E(T,t) + E(T)ﬁE(T,t) = —ae](r,t) (212)
V x iﬁé(ﬁ t) + a—Qé(F t) =V x L J(7,1) (2.13)
e(r) o e(r) '

Changing from time to frequency space by performing a standard Fourier transformation, Eq. (2.12)
reads as

-

x B(F,w) — w?e(P)E(F,w) = iwJ (7, w) (2.14)

(!

V x

Now we use the vector identity VXVXT= ﬁ(ﬁ V) — V27 for an arbitrary vector field ¥, and derive
the scalar wave equation by neglecting polarization and therefore neglecting the term V(V - %)

—V2E(F,w) — W?e(F,w) E(F,w) = j(7,w). (2.15)

With the scalar wave equation we have reached the description of propagation of an electric field,
which is the basis on which we build the theory of propagation of light intensity in disordered media.
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2.2 Green’s Function Formalism

Before going into more detailed considerations in chapter 3, however, the discussion of the overall
approach of Green’s functions and the discussion of the physical meaning of the several moments is
useful.

In a random medium, a complete solution of the wave equation is represented by the knowledge
of the Green’s function G(w,r,r’) for all values of w, r, r' in the presence of disorder o(r). The
accurate solution of the wave equation is not generally possible in the presence of o(r).There is also
the problem of how to extract the desired information from G(w,r,r’) even if it were known.

At this point a look at the random walk problem compared to the propagation of light is helpful.
Assume that the position of a random walker is known at every instant of time, given by r(¢). This
is equivalent to the determination of the Green’s function G(w,r,r’) for the wave equation and
represents the complete solution of the random walk problem in principle. The diffusive behavior,
however, which results from the statistical character of r(t), is not immediately obvious from r(t).
It is contained within the evaluation of the moments of r(t), i.e. (r)., (r?). etc., where the angular
brackets with the subscript ¢ denote averaging over different configurations, the random perturba-
tions o(r) in the wave scattering case, and different random walk trajectories in the random walker
case. When we look at the transport of light in disordered media the first objective of our approach
is the approximate evaluation of (G)., since its calculation is simpler than that for G, but we also
pay the price of loosing some information. For example, whereas G depends on the source posi-
tion 7/, (G). depends only on the source-detector separation r — 7/, because after configurational
averaging, (G). can no longer depend on any particular o(r), and so only r — r’ plus the statistical
properties of the o(r) ensemble are relevant. In other words, an averaged quantity cannot depend
on the averaged variable, and in this case independence from o(r) means all spatial positions are
equivalent.

For the work presented in this thesis the knowledge of several moments of the Green’s function is
important.

2.2.1 Single Particle Green’s Function

The disorder averaged Green’s function (G)., the first moment of GG, shows wave propagation char-
acteristics in an averaged sense. Metaphorically spoken, this is the ”effective medium” as it is seen
by a wave. Additionally, it marks the spatial scale, where beyond this effective medium description
can no longer be valid. Mathematically, this point is expressed in the exponential decay of (G). as
a function of |r —r/|. Yet this decay does not imply wave localization at all, just as in random walk
(r)e = 0 does not indicate that the random walker is localized at the origin. The exponential decay
of (G). means that the wave coherence, which means unique wave propagation direction and phase
relation, is lost. This decay length is defined as the mean free path. For the random walk, (r). =0
implies the absence of ballistic motion.

2.2.2 Two Particle Green’s Function

Whereas (G). shows the character of the coherent part of the wave propagation in a random medium,
all the transport effects beyond the scale of the mean free path are included in the second moment,
the disorder-averaged Green’s function (GG*)., just as in the random walk case the diffusion dynam-
ics emerge from the time dependence of (r?).. Therefore the next objective in our approach is the
evaluation of (GG*).. The result of this calculation will display that at the long-time, long-distance
limit, intensity transport is indeed diffusive in character, and the associated diffusion constant will
be explicitly calculated in this thesis. In the context of diffusive transport the self-interference effect
can be demonstrated to strongly influence the diffusion constant. Since one of the main objects of
this thesis is to describe light intensity transport in disordered media, we focus on the evaluation
and the characteristics of two particle Green’s functions.
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2.2.3 Higher Moments of the Green’s Function

As our main task is to calculate the intensity transport behavior, which is given by (GG*).., we do no
consider fluctuations in the intensity transport, which have to be calculated from the fourth moment
(GG*GG™*).. This is the intensity- intensity correlation and it contains information about the long-
range memory and phase interference effects that may be retrieved from intensity- or current-
fluctuations, e.g., speckle patterns formed by light after passing through a random medium.

The set of these moments of G provide the insight into the special statistical character of wave trans-
port in random media. Wave transport characteristics obtained from the moments of G necessarily
differ from those in a single configuration. Nevertheless it is important to outline that the moments
can give a general understanding of the single-configuration characteristics because in most physical
situations the ergodic hypothesis is valid, which means that the configurationally averaged behavior
may be equated to the infinite-time average of the single-configuration behavior.

2.3 Scattering Formalism

As outlined before the Green’s function formalism is a very useful tool to gain insight to the physical
behavior of a wave in disordered media and its statistical characteristics. Especially, it can solve
inhomogeneous differential equations. To make the following considerations a little better to read
we change the notation according to G = G as the non averaged Green’s function and G = (@), as
the disorder averaged Green’s function.

For a system which is exited at t = 0 by a light pulse, the vector wave equation (Helmholtz equation),
cf. Eq. (2.14), reads

—V XV x Q7,7 w) +we(RGF, 7 w) = 6(F — 7)1, (2.16)

1 is the unity operator in three dimensional space. We introduce g(w) and h(w) and rewrite Eq.
(2.16)

w2 w2
g(w) == C—Qeo(w) and h(w) = ) [€scat (W) — eg(w)] (2.17)
—V x V x G(F,7,w) + [g(w) — h(w)V (@) GF, 7 w) = 6(F — 7)1, (2.18)

The dielectric function is expressed as a function of the background contribution €y and a spatial
dependent contribution €g.q; of the scatterers

e(r,w) = eo(w) + [escat(w) — €o(w)] V(r) and e(r,w) e C (2.19)

where V (r) is the scatterers volume function. This transformation allows us to write the electro-
magnetic potential see Eq. (2.18) in a more intuitive form, where the function g(w) describes the
undisturbed background medium. In the electronic case this is expressed by the free propagator
in a homogenous medium. Henceforth, h(w) characterizes the influence of the scatterers. Again in
electronic language this would lead to the full Green’s function including potential scattering. In
the following procedure we use this notation of free and full Green’s function.

From Eq. (2.16) we obtain the relation between the electric field and the Green’s function

E(F,w) = / EF'GFE 7 w)j (7 w) (2.20)

which displays that the intrinsic information of the system is fully included in the Green’s function.
Green’s functions are the generic building block of the multiple scattering theory. If the Green’s
function for a given problem is derived, which can be of course a difficult task, one can find a formal
Born series expansion in the scattering potential.
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G =Gy +GVG (2.21)

2.3.1 The T Operator

By iterating this self-consistent equation Eq. (2.21), we derive an alternative way to express the
Green’s function

G = Go+ G()V[Go + G()VG] (2.22)
= Go+G)VGy+G\VG\VGy+ ... (2.23)

Eq. (2.23) expresses clearly that each scattering event (V') is a source for a further propagating
wave

G = Gyo+GiTGy (224)
= Go+G)VGy+G)VG\VGy + ... (2.25)
where
T = V4+VGWV +VGVGyV +... (2.26)
= V(1 -GyV)™! (2.27)

is called the scattering matrix T. From the defining equation, Eq. (2.26), it is seen that if V
represents one scattering event, than T includes all multiple scattering events [71]. In general Eq.
(2.26) is written as

G'=G,'-V. (2.28)

The solution of the general wave equation
V2 + ew? — a(r)]p(w,r) =0 (2.29)

(V2 + eqw?) p(w, ) = o (r)p(w, 7). (2.30)

can be completely expressed with the help of the T matrix in terms of the uniform-medium solutions
¢o(w,r) and Go(w,r —r’). Then the solution may be written in Dirac’s notation

[9) = [¢0) + GoV|9) = |do) + GoV][do) + GoVGoV]go) + ... (2.31)
|60) + Gy T o). (2.32)
The + superscripts on Gg and T in the last line of Eq. (2.31) are meant to select the physical

solution branch where the scattering from an inhomogeneity is represented by an outgoing wave
(from the inhomogeneity) rather than by an incoming wave, which would be selected by Gy T ™.

2.3.2 Configurational Averaging
From Eq. (2.24), the configurationally averaged Green function is given by

(G)e = Go + Go(T):Go, (2.33)
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where Gy is independent of o(r) and is therefore not affected by the average. From the T represen-
tation of Eq. (2.26), we have

(T)e = (V (1= GoV) ). (2.34)

(T). contains all the higher-order correlations of V' as we have seen above, such as (VG,V). and
(VG,VG,V)., and all the multiple scattering caused by V. In the real space representation (G).
depends only on the spatial separation between the source and the receiver r — r’/. Therefore its
Fourier transform is a function of one k only, just as for Gp. It can be shown that a convolution
integral in real space, as symbolized by Go(T)Gp, means simple multiplication of the transformed
quantities in k space. Therefore it is obvious that in the k representation, (T'). is also a function of
one k only, which implies a dependence on only the separation of source and destination r — 7’ in
real space.

2.3.3 The Self-Energy

Equivalently to the derivation of Eq. (2.28), from Eq. (2.21) one can define a self energy 3 operator
as

(G)' =Gy -3, (2.35)

In the k representation, X is also a function of one k only, because both (G). and Gq are only
functions of one k. This causes a dependence on r — /' in real space, just as for (T').. From (3.12)
and (3.14), ¥ is related to (T'). by

(B)e = (T)e (1 — (T)cGo) ™. (2.36)

Y. is denoted the self-energy operator, and Eq. (2.35) is known as the Dyson equation. In momentum
space, both Eq. (2.35) and Eq. (2.36) are simple algebraic equations. All the relevant operators
are diagonal matrices. The comparison of Eq. (2.35) with Eq. (2.28) shows that in spite of the
apparent similarity, the self-energy ¥ is a very different object from the operator V of the exact
Green function in a fixed configuration. In position space the operator V represents scattering-off
of a local perturbation potential o(r). However ¥ is a nonlocal operator as can be seen from the
defining equation for (G).. In momentum space is given by

[cow® — k* — S(k,w)] (G). =1 (2.37)

Applying a Fourier-Transformation to position space, i.e. replacing —k? by V2, and additionally
using that a multiplication in the k-domain means convolution in the real space, so that the above
equation now reads

[eow® + V2] (G)e(w,r — 1) (2.38)

—/drlz(w,r — NG e(w,r —7") =8(r —1")
This equation reduces to the ordinary wave equation only if ¥(w,r —r1) = X(w)d(r — r1). This
turns out to be possible when the effective medium description is valid.
2.4 Two Particle Quantities and Bethe Salpeter-Equation

Since the disorder averaged Green’s function is translational invariant, it is not suitable for transport
properties of the random system, since they represent collective phenomena. This means that the
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physical quantity which is transported through the random system is the energy, which is a conserved
quantity. On a purely phenomenological level, we may say that the restriction imposed by the
conservation of energy leads to a correlation between the motion of the field quanta. This process
cannot be described by averaged single particle quantities alone. Actually it has to be expressed in
terms of the averaged product of the two non-averaged single particle Green’s functions, since the
energy density is the product of the two amplitudes.

The conservation of energy is expressed by the continuity equation for the energy density ®(7,¢),
and the energy current density J(7, )

dd
— V- J =84, (2.39)
dt
The Fourier transformed quantities of the energy density ® and the energy current density J are
connected by the energy transport velocity vg. The energy current density can be expressed as the
gradient of the energy density assumed that the system characteristics are slowly varying in space.

J =—DV® (2.40)

Here we have introduced a phenomenological constant of proportionality D. The microscopic defi-
nitions of D and vg are given in the following chapter.

As explained in the section of the Green’s function formalism, the simplification of the theory requires
considerations of all equations in Fourier space. Therefore the continuity equation Eq. (2.39) and
the energy current density Eq. (2.40) are given in Fourier space in the following form

—iQP® +iQ-J =1 (2.41)

J = —iDQ® (2.42)
Inserting Eq. (2.40) in Eq. (2.39) we derive the so called diffusion equation

{

B )

(2.43)
which shows the so called diffusion pole structure in the denominator. The explicit discussion of
the diffusion pole (see chapter 3) is one of the most interesting parts of the matter and allows to
investigate all transport properties of the system even in the presence of dissipation. To understand
the influence of diffusion on the energy density relaxation we Fourier transform the diffusion pole
from frequency €2 to time ¢.

B(t, Q) ~ e (2.44)

We introduce the correlation length xi as defined by the diffusion pole.

1 —if)

&2~ Do) (2.45)
The correlation length represents the memory of the system in a way that the waves loose their
coherence beyond the correlation length. The already discussed Anderson localization of light implies
a vanishing diffusion constant D = 0. In this case the correlation length becomes the localization
length of the energy density ®, defining the volume within the density is localized in such systems.
To express the transport of the energy in the disordered media we need to consider an governing
equation for two particle quantities equivalent to the Dyson equation for single particle quantities,
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Figure 2.1: Diagrammatic representation of the Bethe-Salpeter equation Eq. (2.46) for the two
particle Green’s function ®gng: in momentum space. Yqq Tepresents the irreducible vertex.

the Bethe-Salpeter equation, see also Fig. (?7). For the two particle Green’s function ®z;/ the
Bethe-Salpeter equation reads

3 1
(%} X W — — q
Pgqr = G TG” (5(4 -q")+ / 2r) qu”%"q") (2.46)

introducing the irreducible vertex ~y,o» which includes all scattering events of the intensity. The
irreducible vertex 44 is the analog to the single particle self-energy 3 in the Dyson equation,
which has been discussed above.

The solution of the Bethe-Salpeter equation adopts the scheme presented at the beginning of this
section. We construct two independent equations relating energy density and energy density current
by utilizing the Bethe-Salpeter equation, the continuity equation and the energy density relation.
Combining both we derive the diffusion pole structure of the energy density. A detailed presentation
is given in the following chapter. Local energy conservation will be included by means of an exact
Ward-Identity as is shown below.

2.4.1 Incoherent and Coherent Contributions

The average two particle Green’s function describes the temporal and spatial evolution of the light
intensity in a disordered medium. When the two particle Green’s function is averaged over a random
arrangement of scatterer we can identify three principle contributions: First, the intensity is going
from one point to another without any scattering event (ballistic regime). Second, the intensity is
going from one point to another by a classical process of multiple scattering (Diffuson). Third, the
intensity is going from one point to another by a coherent process of multiple scattering (Cooperon).
Naturally this includes interference effects.

Since the considered systems in this thesis rely on multiple scattering processes, ballistic transport
will not be discussed further.

Generally spoken, we want to study the occurrence, characteristics and possible disappearance of
diffusion (Anderson localization). Therefore we have to discuss the remaining two contributions,
Diffuson and Cooperon, in order to understand their implication on and relevance to intensity
transport in disordered systems.

Ladder Approximation

We must consider the disorder average of the product GRG#A of the Greens’s functions G®, G4,
corresponding to all possible multiple scattering sequences such as those represented schematically
in Fig. (2.2). There are two consequences of averaging: First we calculate only traveling paths with
identical scattering events, meaning the scattering events for two different waves traveling through
the media do not have to occur necessarily in the same order. Second, the averaged product
(GRGA) is replaced by the product of the averaged Green’s functions (GR)(GA) . The distance
between two collisions is thus of the order of the elastic mean free path l;. In the weak disorder
regime the collisions are independent and Iy > A. Consequently the difference in path-lengths
between trajectories with non-identical scattering sequences will be at least of order [, i.e. much
greater than the wavelength A. The resulting dephasing is very large and these contributions are
thus negligible. We therefore retain those contribution of the type represented in Fig. (2.2). This
approximation is called the Diffuson or Ladder Approximation.
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Figure 2.2: Diffuson or Ladder Approximation.

Cooperon Approximation

Additionally to the Ladder contributions which we discussed above there is at least one other
contribution which has not been taken into account and which has important physical consequences.
To see this, consider the product of two Green’s functions describing two trajectories which are
identical but for the fact that they are covered in exactly opposite directions such as those shown in
Fig. (2.3). The phase factors associated with each of the two trajectories are identical, provided the
system is time reversal invariant. A process for which the two trajectories are traversed in opposite
directions is allowed and thus must contribute equally to the transport.

S1
S
start "2ve O \
po el \ >

finish
P
s3

Figure 2.3: Cooperon contribution

Because of the characteristic “fan” structure (see Fig. (2.3)) of the diagrams contributing to the
Cooperon, it is also often called a mazimally crossed Diagram in the literature. The calculation and
disentanglement is shown in Fig. (2.4)).
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around. No effect on evaluation of diagram.

The sign of momenta in the lower line is reversed
from the above. This leaves the diagram the same
if the system has time reversal symmetry.
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Figure 2.4: To evaluate a mazimally crossed diagram (a), we flip the lower time axis which has no
effect on the evaluation of the diagram (b). The sign of the momenta in the lower (-) channel is
reversed (c), provided time reversal invariance. Now the momenta are relabeled (d) as shown in the

figure.




Chapter 3

Light Transport in Infinite Three
Dimensional Disordered Media
with Absorption or Amplification

The first goal of this thesis is to gain a theory for scalar wave propagation and light intensity
transport in tree dimensional random dielectric media with gain and/or absorption. Special emphasis
is put on the detailed presentation of the solution method of the governing Bethe-Salpeter equation.
The proximity of the Anderson transition is treated by a self-consistent Cooperon resummation,
representing the repeated self-interference, based on the theory of Vollhardt and Wélfle [60]. In this
modified form it accounts for dissipation, as well as energy conservation in terms of a generalized
Ward identity [61]. The incorporated approximations are discussed in detail with respect to the
range of applicability, especially regarding optical gain. As there is no full description in literature
for such a theoretical model whatsoever, this chapter provides a lot of technical details which shall
lead the interested reader through the calculations.

3.1 Introduction

Light propagation and light intensity transport in random media remain an active field of research
in theory [17, 18, 19, 20] and experiment [21, 22, 23]. In recent years special interest has arisen
on the effects of absorption and on lasing in disordered [24, 25, 27, 28, 29, 30, 31] and periodic
[32, 33] structures. On the theoretical side, many authors [18, 34, 35], including also some of our
previous work [19], employ methods which are commonly used in calculations known from electronic
systems in solid state physics. Examples are single-particle Green’s functions [82, 119] as well as
higher-order Green’s functions [82, 119, 18] and their respective equations of motion, e.g. the
Bethe-Salpeter equation, including their solution ansatzes. While those electronic systems are well
documented in the literature, see e.g. [36], the photonic counterparts, however, experience a lack of
coherent and detailed presentation. The purpose of this article is to provide a detailed presentation
of the theory for photonic systems to be used by the community.

There are subtle but important differences between electronic and photonic systems, such as the
equation of motion for photons being second order in time as compared to the first order in time
Schrodinger equation of electrons. This leads to a frequency dependent random potential for pho-
tons, as will be shown in section 3.2 and further renormalizes the transport velocity of the light
intensity as well as the form of the diffusion constant in section 3.5. Moreover, non-conservation of
particles is unknown in electronic systems in contrast to the emission and absorption of photons.
The presented work in this chapter is organized as follows. First, we derive in detail how stimulated
emission, described by laser rate equations, enters into the transport theory as an imaginary part of
the dielectric function. In a second step we continue with a detailed documentation of the solution
of the Bethe-Salpeter equation for photonic correlators, which, to the best of our knowledge, has
not been published before. Differences with respect to the electronic case will be pointed out all

21



CHAPTER 3. LIGHT TRANSPORT IN INFINITE THREE DIMENSIONAL DISORDERED
22 MEDIA WITH ABSORPTION OR AMPLIFICATION

along this course where appropriate.

Special emphasis has to be put on investigating the role that Anderson localization takes in disor-
dered emitting media. Anderson or strong localization [37] has been shown [59, 39] to arise from
repeated self-interference of diffusive modes. In experiments [40, 41, 42] this may have been tested.
Since intensity diffusion is solely based on energy conservation, a rigorous and consistent framework
is needed to describe the interplay between coherent amplification/absorption and localization. Es-
pecially since coherent amplification is expected to enhance transmission whereas localization tends
to stop light transport altogether. This interesting subject [43] is also discussed in the context of
random lasing [28, 44], where it has been shown by measuring the photon statistics [45] that the
laser emission is due to coherent feedback and occurs from spatially confined spots in the sample.
A theoretical attempt [46] to independently explain such phenomena has been proposed based on
scatterers statistically forming ring resonators within the sample, which may provide a feedback
mechanism.

3.2 Light Matter Interaction

In general, the propagation of electromagnetic waves in dielectric media may be described with the
help of Maxwell’s equations, which read again (in Gaussian units)

VD =4mp VxE+128 =90
V-B=0 VxH=4%j4 19D 3-1)

with the electric displacement D and magnetic induction B given by
D=F—4xnP H=DB—-4tM (3.2)

where P is the medium’s polarization and M its magnetization. Combining Maxwell’s equations,
Eq. (3.1), one obtains the wave equation as discussed in the previous chapter

1 92 4
V2E(7 1) — E%D(ﬁ t) = %%j(ﬁ t) (3.3)
describing the propagating electric field in the presence of dielectrics, where the absence of free
charges and currents has been assumed as well as a non-magnetic medium. In the following we
discuss how wave equation we derived here, Eq. (3.3), is modified by stimulated light emission due
to the presence of a laser active medium.

Within a semi-classical approach a lasing system may be described by the so-called Maxwell-Bloch
equations (MBE), treating population inversion, polarization and light propagation as a coupled set
of equations. In absence of quantum noise, the MBE for 4-level atoms within rotating-wave and the

slowly varying envelope approximations can be written as [47]

ow

S0 = = W) (3.4)
+45 | PEOE( ) - P(FOE" (7, t)}
oP 2
SE0 = S PO+ WEG - B (3.5)
PP 1 A
W(r,t)e b= yp [CQVQ—GW—U&] E(7,t)e ™! (3.6)

where the dynamical variables are the macroscopic electric field E(7,t), the population inversion
density W (7,t) and the polarization P(7,t). In Eq. (3.4), the population inversion is achieved by
external pumping I';, and it is decaying (spontaneously) at the rate 7). The polarization in Eq. (3.5)
is generated by the atomic transition dipole moment u. It decays at a (collisional dephasing) rate
~1 and drives the macroscopic electric field E(7,¢) in Eq. (3.6), which may experience dissipation
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by intrinsic absorption or loss out of the feedback mechanism. Both effects are combined here in
the dissipation term 7.

Concerning the laser dynamics, we observe that Eq. (3.5) describes a crucial part of the polarization
dynamics on which we want to concentrate now. In general, there are no specific restrictions to, e.g.
the various decay rates of a lasing system. Such unrestricted lasers are typically classified as class C-
type laser [48]. However, existing lasers often display certain restrictions on the involved time scales,
which may be used to further classify or categorize a given laser. One particular interesting case is
when v, is the dominating time scale, a so-called class B laser [48]. In this case the polarization
of the medium relaxes and reaches saturation so quickly that the polarization may be assumed
to exhibit no dynamics of its own but simply following EF and W in an adiabatic fashion. This
approximation implies

- OP(T,t
P> | 25 (3.7
t
so that the above equation, Eq. (3.5), now reads

0= —y  P(7F,t) +icrW (7, t) - E(T,1), (3.8)

where we introduced k = “—;, so that the polarization is eventually found to be
P(7,t) = fyivv(f’, t)- B(7t). (3.9)

L

The above equation, Eq. (3.9), may now be used together with Eq. (3.2) to derive an expression
for the electric displacement D

D(7,t) = (1 - i%‘W(a t)) E(F,t) ‘L e(P)E(F, 1) (3.10)

which serves also as a definition for the dielectric function e. It is therefore given by the important

relation
Ark .

e(r) =1—1—W(7,t). (3.11)
YL
Bearing in mind that the population inversion density may be expanded in the electric field strength

according to

W(E(7,t)) = Wo — W1 |E(F H)]> + ... (3.12)
the dielectric function decomposes into
4 4
e(F) = 1—i—"Wy+i——Wy |E(7 1)
gas gan
= €1 +e€enr [E(F, t)] =€ [E(ﬁ t)] (313)

where the now complex-valued function e, describes the linear optics regime in the presence of gain,
whereas €y, [F(7,t)] incorporates non-linear optical effects, which are to lowest order quadratic in
the electric field. With this decomposition of the dielectric function, we find

0? ., 0? . N
@D(nt) = 32 (e[E(T )] E(7,1))
0? 0?
= GL@E(F, t) + %2 (enr [E(T 1) E(T,1)), (3.14)

which implies the following scenario: While the light intensity, i.e. also the macroscopic electric
field E(7,t), is exponentially built up within the class B lasing system due to the external pumping
I'p, there is a regime in which the light intensity is still small enough to prevent the system from
non-linear contributions to the dielectric function, meaning that up to this point of validity of linear
optics the system is correctly and rigorously described by a dielectric function which may as well be
parameterized as

e =Ree—ilme (3.15)
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Figure 3.1: Model of randomly distributed scatterers in homogeneous background.

where Im € is uniquely determined by the population inversion as discussed in Eq. (3.13). In this way
the parameterization, Eq. (3.15), is restricted by the onset on non-linear behavior in the response,
as expected. Within this range of validity, the change to the wave equation for the electric field,
Eq. (3.3), consists in replacing the dielectric displacement D by D = e¢FE according to Eq. (3.14)
and Eq. (3.15), eventually yielding

e(7) 62 47
V2E(F,t) — %%E(ﬁ t) = ?%j(ﬁ t). (3.16)
In the following we want to restrict ourselves to this regime of a class B laser system. An analogous
reasoning applies also for (linear) absorption, resulting in the opposite sign of the imaginary part of
Eq. (3.15). Therefore we discuss in the remainder of this article the propagation of light described
by Eq. (3.16) including both absorption/emission depending on the sign of the imaginary part of
the dielectric function.

3.3 Setup and Model

Systems of significant experimental relevance [22, 23, 27, 28, 29, 30, 31] consist of (almost) spherical
scatterers embedded into a background medium forming some emulsion. For a theoretical description
we therefore consider identical spherical scatterers located at random positions (see Fig. 3.1).
The scatterers as well as the background medium are respectively assumed to be homogeneous
themselves and hence will be described by dielectric constants €; and €, respectively. Within the
above discussed range of validity for photon emission (of course also for photon absorption) the
dielectric function may be assumed to have a finite positive or negative imaginary part, so that we
have in general Imeg # 0 # Im ¢, as outlined in the previous section. Throughout this thesis we
neglect polarization effects of light and therefore consider the scalar wave equation which here has
been Fourier transformed from time ¢ to light frequency w and reads for the scalar field ¥, (7), as
it is obvious from Eq. (3.16),

w 47

o e(F)U,(F) + V2, () = —iw—ju(7) | (3.17)

where ¢ denotes again the vacuum speed of light and j,(7) an external source. The dielectric
constant €(’) = €, + Ae V(7), where the dielectric contrast has been defined as Ae = €5 — €,
describes the arrangement of scatterers through the function V(7)) = 35 S5 (7), with Sz (7) a
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localized shape function at random locations R. The intensity is then related to the field-field-
correlation function, often referred to as the four-point-correlation, (¥ (7, ¢ )U* (7', ¢")). To calculate
the field-field-correlation the Green’s function formalism is best suited, the (single-particle) Green’s
function is related to the (scalar) electrical field by

Id3 'jdt G, 7 t, ¢ )i(F 1), (3.18)
The Fourier transform of the retarded, disorder averaged single-particle Green’s function of Eq.

(3.17) reads,

1
Ge = , 3.19
77w/ a2 (319)

where the retarded self-energy ¢ arises from scattering off the random “potential” —(w/ c)?(es —
€,)V (7), which is obviously frequency dependent. Using Green’s functions, the mode density N (w)
may be expressed as N(w) = —(w/7) Im G, with the abbreviation used throughout this publication
Gy = [d®q/(2n)° G,

In order to study the transport of the above introduced field-field-correlation we consider the 4-point
correlation function, defined in terms of the non- averaged Green’s functions G, G* in momentum

and frequency space as ., (@,9) = <G§:§, Gﬁ/ ;) Here we have introduced the usual [61] center-

of-mass (¢, w) and relative (@, Q) frequencies and momenta: The variables €, @ are associated
with the time and position dependence of the averaged energy density, with Q = Cj/ |Q|, while
wy =w+Q/2and ¢ =7+ C_j /2 etc. are the frequencies and momenta of in- and out-going waves,
respectively.

3.4 Light Propagation in Ladder Approximation

Here we review the so-called ladder-approximation for both the photonic particle-hole vertex, as
depicted in Fig. 3.2, and the 4-point correlation function, as needed in section 3.5.2.

To describe diffusive processes, explicit results for the two-particle Green’s function and the respec-
tive vertex also require the expansion of the single-particle Green’s function for small arguments,
being either or both |Q | and . This limit represents the long time and long distance regime, where
diffusive behavior shows up. The explicit dependence of the retarded and advanced Green’s function
on the relevant, diffusive, variables (Q and € is given by

(3.20)

Gl (wo) = - : (3.21)
Hw—-92-(p-9?2 -4

which is to be distinguished from the electronic Green’s function by its frequency dependence in w
and through X%/4. This difference traces back to corresponding governing equation, being either the
electronic Schrodinger equation or the bosonic Klein-Gordon equation. Employing now the identity

G (w) — GF (ws)
CE w1 =[G @Ol

Gy (wi)Gy (w-) =

P+ p

(3.22)

the product of the retarded and advanced single-particle Green’s function Gﬁ (w+)G;‘7 (w_) may
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therefore be expanded for small @ and € to yield

GE ()G (o) e (3.23)
p+ W) p_ (- 00 ImY — w2Ime, '
twlm Gy
o QRe(e) o5 ~ I )2
LA iIm Gy
B @ [pQ} (Im X — w?Im€,)?
ImG%

2

- 22(5-Q) .
@ rQ (Im Y — w?Imeyp)
When the momentum dependence of the Green’s function is integrated out, the third term of the
right hand side of the above equation, Eq. (3.23), will not survive due to its odd symmetry, eventually
yielding
d3 ImG
I P GR (w)GA (W) = ——0m0 (3.24)

(2m)3 P+ Im> — w?Ime,

iwIm Gy
(ImY — w?Ime)?

2 1(2”)3 - Q 2ImG2

(Im Y — w?Im )2

+ QQRe (Gb)

where G is defined to be Gy = I%Gﬁ'

After having discussed the basic expansions, let us now turn to the discussion of the two-particle
vertex in the ladder approximation as illustrated in Fig. 3.2. The shown exponential series can be
summed up to yield the expression

IL(Q.Q) = — : (3.25)
1= [5Gl ()G (w-)

where 7y is the bare irreducible interaction vertex. Expanding the product of the two single-particle
Green’s functions in the denominator of Eq. (3.25) up to the first non-vanishing order in momentum

@ and frequency Q according to Eq. (3.23), the following expression is obtained

= vECH\  Yo(AY — w?Ae€)/w
L(QaQ) — ( D ) ( 5 ' )/ —
w Q+1iQ*Dy + iDoxy,
where the coefficient Dy of the squared momentum, the so-called bare diffusion constant, describes
the diffusive relaxation of a given exited mode and reads

(3.26)

2ugC d3q
Dy = “ ImG%)2. 3.27
o= Ze [0 7 QPG (3.27)
The expression for the vertex FL(Q,Q) in Eq. (3.26) clearly shows the diffusion pole structure
except for the last term in the denominator. This term, Doz 2, represents the so-called mass-term,
accounting for, non-diffusive, losses out of a given diffusive -mode. Such losses are due to the
dissipative (absorbing) properties of the medium itself, in which the diffusion takes place. This
mass-term is explicitely given by
rede —2w?Ime, 1

2
= . 2
Ta 2Ree, — AcBe/w wDy (3.28)

The prefactor of the actual diffusion pole in Eq. (3.26) contains the phase velocity ¢, of the disordered
medium
c

02
Ve — X6 o2

¢, = Re (3.29)
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as well as the energy transport velocity vy given as

c? 1
cpReey, 14+ Aw)

(3.30)

Vg =

and describing the speed at which the energy contained in the wave field is expected to pass through
the medium. The correction or renormalization A(w) reads

Aw) = BAc+irdaAdlQ) (3.31)

with the following abbreviations introduced

~ Im(Aex®) B
T Ay T mAdRed (3.32)
2 2
AE = 2[U€ReGo + Rezo] B, = (RGAG) + (ImAe)

2w?(ReAe)?

Furthermore, for later use and to keep shorthand definitions in one place, we state here the abbre-
viations

~ CpU w?Imey, reA
A = 2E|1- e 3.33
w uJdmG + uJmGy ( )
Aw) = iw?Tmep — ir A,
2 4
gijo) = —L;Imeb gf}) = —L;Reeb.
c c

In the remaining part of this section we need to discuss the evaluation of the energy density cor-
relation PY (Q, Q), the current-density-correlation J¥ (Cj, Q), and the two-particle Green’s function,
respectively, within the ladder approximation.

Turning first to the energy density correlation Py (Cj, Q) as defined in Eq. (3.45). Within the ladder
approximation according to the illustration in Fig. 3.2, it is given by

2
rrde - (2) [ohen@e @o)

¢, (2m)3
w\? 1

- (£) =1y, 3.34
<cp) - (334

where the superscript L indicates that the correlation function is meant to be approximated by
the ladder diagrams only. In the last step of Eq. (3.34) we have used the expansion of the single-
particle Green’s function for small momenta @ as given by Eq. (3.23) and computed P¥ L(Q, Q) up
to the same order of the expansion as we did for I'j,. Furthermore, in Eq. (3.34) we introduced the
renormalized vertex 7 given by

(Rev0Go +ReY) w?Ime,

Bo = Yo+ Ful e e (3:35)

where 7y is the bare vertex, whereas f, () arises from the Ward identity and will be defined in Eq.
(3.43).

The current-density-correlation J¢ (@, ), which will be defined in Eq. (3.46), yields, when evaluated
within the ladder approximation,

w L (A _ WUg dgq - A * qu/ %
J5 1 @Q,Q) = (Cp> IW (Q'Q)G@GJIW, G Gg 'L (3.36)

Following the above strategy and expanding the product G,;; G(’;/ under the second integral up to

first order in ¢’ as shown in Eq. (3.23) one obtains the expression

J2G,90) = (“’”E) 1FLJ(dgq<q*-Q>Gq+G3- (3.37)

¢ )30 ") (@2m)?
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Employing now the same expansion to the remaining product of the Green’s function one eventually
finds

wog\ Ty (( d%¢ . - IAGé(Cj"Q)Q
)%I G 0)x (3.38)

Jel@.Q) = — L=
E (Q? ) ( c (27T)3 q 2 "S/OAGO I
where the abbreviation AG = G —G* has been introduced and will be used throughout this chapter.

Turning now towards the 4-point correlation function, according to Fig. 3.2 in ladder approximation
it is given as

L d3q ! L d3q 1
Employing again the momentum expansion of the single-particle Green’s function the above equa-
tion, Eq. (3.39) may be simplified to yield the final expression
o 0 A
. AGs 1AGH7- Q)Q

oL = P A 4
T RAG L2 a2AG, t (3.40)

3.5 Theory of Transport and Localization

The intensity correlation, or disorder averaged particle-hole Green’s function, @%,(Q, Q) obeys the
so-called Bethe-Salpeter equation

d3q//

w R A w

¢§§' = Gqu (w+)Gq7 (w_) |:1 + I(Q7T)3 Yqq @qu q’ , (341)
where we have suppressed the dependence on the variables (Q, Q) in order to maintain a clearer

notation, so <I>‘qﬂqy reads @‘gqy (Q,Q) etc. By utilizing the known averaged single particle Green’s
function, c.f. Eq. (3.19), on the left-hand side of Eq. (3.41) the Bethe-Salpeter equation may be
rewritten as kinetic equation,

Reeb

wf
2

i
-Q([G Q)+ 0272} P =
) " d3q// . .

In order to analyze the correlation function’s long-time (@ — 0) and long-distance (|G| — 0)
behavior, terms of order O(Q?, Q3,QQ) have been neglected here and throughout this chapter. Eq.
(3.42) contains both, the total quadratic momentum relaxation rate 1/72 = ¢ Im(ew?/c® — £¢)
(due to absorption in the background medium as well as impurity scattering) and the irreducible
two-particle vertex function qu,(Q,Q). To solve this equation, the technique of expansion into
moments is used. The technical details of this expansion are discussed in the following subsection
3.5.1

Furthermore it is to be noted that the energy conservation is implemented into the solution of the
Bethe-Salpeter equation in a field theoretical sense by a Ward identity (WI) which has been derived
for the photonic case in Ref. [61], and which for scalar waves takes the exact form

dSq/ .
wy w_ * Wy w_ * w
A e I Gy (Gar - 6o 54,0 (3.43)

w d3q/ w W 5
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The right-hand side of Eq. (3.43) represents reactive effects (real parts), originating from the explicit
w?-dependence of the photonic random “potential”. In conserving media (Ime, = Imes = 0) these
terms renormalize the energy transport velocity vy relative to the average phase velocity ¢, without
destroying the diffusive long-time behavior[35, 61]. In presence of loss or gain, however, these effects
are enhanced via the prefactor f,(Q) = (wQReAe + iw?ImAe)/(w?ReAe + iwImAe), which now
does not vanish in the limit  — 0.
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Figure 3.2: Ladder approximation of the total particle-hole vertex. The diagrams on the left-hand
side form a geometrical series and may therefore easily be summed up analytically.

3.5.1 Expansion of Two-particle Green’s Function into Moments

In order to extract a diffusion pole structure out of the Bethe-Salpeter equation, Eq. (3.41), the
correlator or equivalently the ¢’ integrated correlator

w_ [Pd g

has to be decoupled from the momentum dependent pre factors with the help of some approximation
scheme. In this subsection we discuss this procedure in analogy to the argumentation for electronic
correlations presented in reference [36].

Such an approximation must obey the results of the so-called ladder approximation (describing
simple diffusion) as well as it must incorporate the set of physical relevant variables involved in
observed phenomena.

In a first step let us define the energy density correlation P (Q , Q) and the current-density-correlation
J¥ (C,j, ), which involve the first and second moment of the correlation function ®¢ from Eq. (3.44),

respectively,
2
w d3q qu/
— — | == D%, 3.45
<0p> J(27T)3J(27T)3 o (343)

(wch> J (;173:;3 I ((;[1)/3 (7 Q)®Fq- (3.46)

P

P2(Q,9)

J2@,)

The projection of the correlator @2, Eq. (3.44), onto the moments Pg(@, Q) as defined in Eq.
(3.45), and J¢ (@, ), shown in Eq. (3.46), is therefore given by

3./ e
[Gmstse = —ral—re@o) (3.47)
€1 IWA(Q')

where the projection coefficients A(¢) and B(§) are to be determined in the following together
with the normalization constants ¢; and co. Since those expansion coefficients A(¢) and B(q) in
Eq. (3.47) should behave uncritically under localization, they may be determined using the simple
ladder approximation, where all expressions are known exactly.

We reviewed the so-called ladder-approximation for both the photonic particle-hole vertex, as de-
picted in Fig. 3.2, and the 4-point correlation function of section 3.4, since there are severe differences
with respect to the electronic system.

3.5.2 Computing the coefficients of the expansion into moments

After evaluating the relevant quantities within the ladder approximation in section 3.4, we are now in
a position to calculate the coefficients of the proposed expansion of the two-particle Green’s function
in Eq. (3.47). As already pointed out above, the desired expansion has to be valid independently of
a particularly chosen approximation, as the ladder approximation is. Therefore we take advantage
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of the ladder approximation where all quantities are known exactly and use this to compute the still
unknown coefficients A(¢) and B(¢). In particular combining the expressions for energy density
correlation P2 (@, ) in Eq. (3.34) and the current-density-correlation J%(Q, Q) in Eq. (3.38) with
the proposed expansion of the two-particle Green’s function in Eq. (3.40) we obtain the relation,
valid within the ladder approximation

d3q/ B A(ﬁ) w 2 1
IW B N c1 I(%ZI);A(_") (%) %FL (3.48)
T R N T TR T}
e[ SLB@) (@ Q)2 \ & /) To ) (2m) 2" 3AGo

On the other hand, the ¢’ integrated two-particle Green’s function is also known exactly within the
ladder approximation and given by Eq. (3.40), so that we can continue from above

T 3AG, " T2 32AG,

_— ey

(2m)3

/ 2(5. 0
Jd3q AGy |, 1AGHG Q)QFL. (3.49)

All what is left to do, is to compare coefficients of the right hand side of Eq. (3.48) with the ones
occurring in Eq. (3.49) to find for the expansion coefficients
A(7) = AGy B(q) = AG% (3.50)

and for the normalization constants also introduced in Eq. (3.47) we find

o1 = (‘:)2 ey = (“’:E) . (3.51)

Employing those expressions for the expansion coefficients, one may eventually express the two-
particle correlator ®gz in the following way

d3q’ AGy o R
I(gﬁ)?) Qg = 2 s q/ Py(Q,9) (3.52)
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The above expression, Eq. (3.52), represents the complete expansion of the intensity correlator into
its moments. This will be used in the next subsection to decouple the Bethe-Salpeter equation in
momentum space and therefore to provide a solution of this equation for the photonic correlator.

3.5.3 General Solution of the Bethe-Salpeter Equation

The disorder averaged intensity correlation, the two-particle Green’s function, obeys the Bethe-
Salpeter equation, see Eq. (3.41)

d3q//
(OFF T GL;IG;ff [1 + I(QT&')?’ Ygqr Py CT’:| . (3.53)

As already discussed, the Bethe-Salpeter equation may be rewritten into the kinetic or Boltzmann
equation given in Eq. (3.42)

w2Ree — Q (q”- Q) + AY — sze] o4
d3q’

= AG@"F I(?ﬂ')?’ AG@’}/@@/ (I)q'/ . (354)
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To find the solution of Eq. (3.54), in a first step one sums the equation over momenta ¢, incorporates
the generalized Ward identity as given in Eq. (3.43) and subsequently expands the obtained result
for small internal momenta @ and internal frequencies 2. Furthermore, it is essential to also employ
the decoupling shown in Eq. (3.52). Eventually, after some straight forward algebraic manipulations,
the generalized continuity equation for the energy density is found to be

. - (0)
OPY 4+ QJY = (1)47”“”\[(“) + —’([f’)“’ AW po (3.55)
9o’ [1+Aw)]cp 9o’ [+ Aw)]

which represents energy conservation in the presence of optical absorption.
Within the standard solution procedure, above outlined, the next step is to obtain a linearly inde-
pendent equation which also relates the energy density PY and the current density J. This is being
done in a similar way as the one leading to Eq. (3.55): foregoing one first multiplies the kinetic
equation, Eq.(3.54), by the projector [7"- Q] and then follows the above outlined recipe to eventually
obtain the wanted second relation, this is the so-called current relaxation equation

i

Ree . w it w
{wQ 62” + 53 +zM(Q)} JY 4+ AQPY=0, (3.56)

relating energy density P and energy density current J¥ as required and furthermore introduces
the so-called memory function M (Q2) according to

1 3 3" 12 A W AW w =1 A
! I(ST?‘ I(Gl?TqP 7-QIAG Yz (AGY)?[q"-Q)
[ 17 QR(AGY)?

M(Q) = (3.57)

where Vo = 7;35, (@, Q) is the total irreducible two-particle vertex, which will be discussed in more
detail in the following subsection. The memory kernel M (2) represents the system’s response to
the diffusing light intensity in the presence of absorption/gain.

So far, two independent equations, Eq. (3.55) and Eq. (3.56), have been obtained, both of them
relating the current density J¢ and density Py. Therefore one may now eliminate one of the two
variables in this linear system of equations. One chooses to combine the two equations to find an
expression for the energy density

4miN (W) /(g [T+ A(w)] )

PL(Q,Q) =
Q) Q+iQ2D +i&, °D

, (3.58)

exhibiting the expected diffusion pole structure for non-conserving media, i.e. in the denominator
of Eq. (3.58) there appears an additional term as compared to the case of conserving media. This
is the term &, 2D, sometimes referred to as the mass term, accounting for loss (or gain) to the
intensity not being due to diffusive relaxation. In Eq. (3.58) also the generalized, 2-dependent
diffusion coefficient D(2) has been introduced via the relation

D(Q) [1 — i Qwr’Ree,] = DY — A2 D(Q)M (w). (3.59)

Furthermore, Eq. (3.58) also introduces the absorption induced absorption length scale &, of the
diffusive modes,

reAe — 2w2Imey, 1

-2
S = 2Ree, — AcBe/w wD(Q)’ (3:60)

which is to be distinguished from the single-particle or light wave amplitude absorption or amplifi-
cation length. The diffusion constant without the discussed memory effects (see later in Eq. (3.59)),
D{°* = Do + Dy, + Dy, consists of the bare diffusion constant

2ugcp J d3q

Do = 7N (w) J(2m)3

[7- QI (Im G)*. (3.61)
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Figure 3.3: The upper panel shows a diagrammatic expansion of the irreducible two-particle vertex ~y.
The lower panel displays the disentangled Cooperon with changed momentum arguments as discussed
in the text below.

and renormalizations from absorption in the background medium (D;) and in the scatterers (D),
Db = (w7)2 Imeb D0/4 y DS == T6A6T2D0/8 s (362)

where Dy is the same as in Eq. (3.61), with (ImG;i)2 replaced by Re(GZiQ) and consequently given
by

~ VeCp s > A12 w2
o= 2 j(;jg 7 QP(ReG2)?. (3.63)

3.5.4 Vertex Function and Self-consistency

From equations Eq. (3.57) and Eq. (3.59) it is clear that the energy density or two-particle function
given in Eq. (3.58) still depends on the full two-particle vertex Vi g

One may carefully analyze the vertex 77 . for the self-consistent calculation of M (Q) [39, 50],
exploiting time reversal symmetry of propagation in the active/absorbing random medium. In
the long-time limit (2 — 0) the dominant contributions to Vi are the same maximally crossed
diagrams (Cooperons) as for conserving media, which may also be disentangled. In Fig. (3.3)
the disentangling of the Cooperon into the regular diffusion ladder is demonstrated. The internal
momentum argument of the disentangled irreducible vertex function in the second line of Fig. (3.3)
is replaced by the new momentum @ =k+K. By the described procedure 7, - now acquires the
absorption induced decay rate £, 2D. Finally the memory kernel M (Q) reads

(211Ecp)2 U [27rwu€N(w) +r.A. — QwQImeb}
mwN (w)DoD(2)
LU EUA (G, 7' @)
G J@n 58 ) e

M) = — (3.64)

Egs. (3.59)-(3.64) constitute the self-consistency equations for the diffusion coefficient D(£2) and
the decay length &, in presence of absorption. Once the dynamic diffusion constant D(£2) has been
numerically evaluated, the full solution of the Bethe-Salpeter equation is established via Eqs. (3.64)
and (3.58).

Therefore the initial problem of light intensity transport in infinite disordered media with absorption
or gain including strong localization effects has to be regarded as solved.

3.6 Results and Discussion of the Transport Theory in infi-
nite 3-D Media with absorption and gain

In this chapter we have performed a semi-analytical theory for scalar waves propagating in three
dimensional, random, dissipating, i.e. absorbing/emitting media. In Egs. (3.11)-(3.16) we have
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Figure 3.4: Normalized diffusion constant D(0) for e, = 1 and scatterer volume fraction v = 50%.
The frequency unit in all figures is w, = 2mwc/r, with r, the scatterer radius. The localization
transition is reached for e, 2 24. Inset: phase diagram in the (v,w) plane within the first Mie
resonance for ¢, = 1 and various €5. The shaded areas represent the localized phases.

shown how stimulated emission (absorption) enters the transport within a semiclassical theory for
infinite random media. As a consequence, finite emission or absorption rates induce additional
renormalization terms to the dynamic diffusion constant as given in Eq. (5.92). Furthermore, we
presented a detailed analysis of the solution of the Bethe-Salpeter equation, Eq. (3.41) for photonic
correlations in the hydrodynamic, i.e. diffusive, limit. In this section we want to discuss in detail
the influence of localization effects on intensity transport, included via a diagrammatic approach by
generalizing the theory of Vollhardt and Wolfe. We put the focus on the calculated self-consistent
equation for the dynamic diffusion constant D(Q2) in Eq. (3.59).

3.6.1 Discussion Transport Theory

Let us first discuss the kernel M (€2). It describes the enhanced backscattering. For a conserving
medium (Ime, = Ime; = 0), where £,2 = 0, it drives the Anderson Localization (AL) transition
due to its negative, infrared divergent contribution [39, 35]. For illustration we show in Fig. 3.4
the AL phase diagram and D(2 = 0) for €, = 1 and various real values of €, displaying strong
suppression near the Mie resonances, albeit for rather high dielectric contrast Ae. Introducing now
absorption or gain, the quadratic inverse correlation length £, 2 becomes non-zero and can assume
both positive and negative values. True AL due to repeated enhanced backscattering is no longer
possible in this case, because, through self-consistency, a vanishing D(0) would drive £, 2 — oo and
D(0)M(0) — 0. Inspection of M(Q) shows analytically that to leading order in &, 2 the real part
of the integral in Eq. (3.64) is symmetrical with respect to £, 2 « —¢,2, i.e. AL is suppressed by
absorption or gain in a symmetrical way. This is in agreement with the surprising absorption/gain
duality of Ref. [43], which is valid for small gain and short times.

However, we do find important deviations from this result for systems where there is no symmetry
between background and scattering medium (like in our three dimensional case): (1) As seen from
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Figure 3.5: (a) Diffusion constant D(0) for v = 50%. The scatterers exhibit different amounts of
absorption as indicated. (b) Absorption length &, in units of the scatterer radius for the systems in

(a).

Eq. (3.60), &, 2 itself is not symmetric in the sign of Ime;, or Ime, and can be positive even for purely
emissive media, Ime;, < 0, Ime, < 0. (2) The full diffusion coefficient has additional contributions Dy,
D, from loss/gain in the background and in the scatterers, Egs. (5.92). While Dy, is always positive
for absorption and negative for gain as expected, D has a complicated dependence on the signs of
Tmep, Ime, and depends sensitively on whether absorption and/or gain occurs in the background
medium or in the scatterers. This is because, in contrast to Dy, the impurity scattering contribution
D, results from an intricate interplay between elastic momentum relaxation and absorption/gain
processes. We emphasize that the existence and the form of Dy, Dy, and £, 2 are a direct consequence
of the non-conserving terms in the WI Eq. (3.43), and, thus, are exact.

The complete scenario of localization effects is now as follows. Even though in the presence of
absorption or gain there are no true Anderson localized modes because of the finite £, 2, the con-
tributions Dy, and Dj can strongly suppress the total diffusion coefficient D(0). This is shown in
Fig. 3.5 for a system of absorbing scatterers embedded in air. Even moderate absorption drastically
decreases the diffusion constant D(0) close to the low-order Mie resonances. At the same frequencies
the correlation length &, is suppressed even more dramatically. For the case of a purely absorbing
system, &, may be identified with the effective absorption length for diffusive modes. For the case of
emission, e.g. in the background, two scenarios are possible. (i) ;2 > 0; this may occur due to the
subtle interplay with momentum relaxation processes and absorption in the scatterers. Both D(0)
and the intensity correlation length &, are real and finite, but suppressed near the Mie resonances,
as shown in Fig. 3.6. It is also seen that, e.g., absorption in the scatterers can be partially compen-
sated by emission in the background. (ii) Re &;2 < 0; this is realized for sufficiently strong gain.
It implies a pole on the real axis in the integration range of Eq. (3.64) and, hence, complex D(0)
and £,. Fourier transforming Eq. (3.58), this means an exponential intensity growth for long times
with rate 1/7, = Re[(&, 2+ Q?)D(0)], in qualitative agreement with Ref. [26], thus reconciling these
long-time results with the weak gain or short-time results of Ref. [43]. This growth is modulated by
temporal and spatial oscillations with characteristic frequency Qp = —Q?*ImD(0) and wave number
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Figure 3.6: Diffusion constant D(0) for absorbing scatterers (v = 50%) in a host medium with
optical gain, as indicated. Parameters are chosen such that £2 > 0.

kp =Im(1/&,), respectively. We interpret this oscillatory behavior as a memory effect, originating
from the competition between the enhanced backscattering of waves and their amplified propagation
in the surrounding medium. Self-induced oscillations have been found before in other driven systems
with competing dynamics.

3.6.2 Causality and Length Scales

The second issue we want to point out, is concerned with the pole structure of the energy density
correlator in Eq. (3.58). As can be seen from Eq. (3.60), the square of the correlation length may
become negative for amplifying media. This raises the question of causality of Pg. Causality means
here that the pole (see Fig. ??) of Pg in the complex frequency plane must reside in the lower half
of that plane. Since the value of £, is determined once the system has been specified, causality sets
a constraint of the allowed Q- modes in that system.

Generally this is an amazing remark, as e.g. in a simpler system of a single microsphere with
gain, it has been shown experimentally [27], that the scattering coefficients calculated within linear
response lose their causality exactly at the point where the sphere crosses its lasing threshold. So
in turning this argument around, we can also conclude, that linear response theory predicts the
laser threshold of the sphere correctly. Technically this is seen in the behavior of the single particle
Green’s function. The single particle Green’s function looses it’s causality when the self energy ¥
(see Fig. ?7?) looses its causality. Although, again, linear response theory is of course not capable
of describing the lasing regime itself.

In particular there exists a minimum momentum @Q,,;,, and only diffusive modes with @ > Qmnin
exist in the system. The corresponding length scale is then given by Ry, = 2m1/§2Re(D)/D and
defines the maximum length over which diffusive modes can be correlated. This length may be
experimentally measured as the spot size of a lasing mode [53].

Although this transport theory with linear gain is not suited to describe lasing, it still provides
deeper insight in light propagation in gain media and even predicts a maximum correlation volume,
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Figure 3.7: Left panel: The behavior of the imaginary part of the self energy % of the single particle
Green’s function is displayed as a function of the light frequency for several increasing gain values.
In the frequency window around a Mie-resonance we see that for increasing gain the resonance of
Im> narrows and becomes deeper. Finally the width vanishes and then ImY changes the sign. This
means the causality threshold is reached.

Right panel: Causality requires that the diffusion pole remains in the lower half of the complex plane.
This demands a new maximum length scale Ry, qz -

i.e. a maximum spot size, for laser active media.

A numerical evaluation of the here derived correlation length R,,., is presented in Fig. 3.8 as a
function of Imeg, which serves here as a measure of the external pumping strength. A comparison
of the calculated and measured spot size shows a good qualitative agreement.

With these promising results one is encouraged to take the next step, and consider a random
laser in the diffusive regime, characterized by a diffusion constant Dy. For the moment Cooperon
contributions are neglected.

3.7 Conclusion

In conclusion, we have presented in this chapter a semi-analytical theory for the interplay of strong
localization effects and absorption or gain. True AL is not possible in the presence of either loss or
gain. However, strong renormalizations of the diffusion constant D arise from the violation of the
conservation laws. These renormalizations depend sensitively on whether absorption/gain occurs in
the scatterers or the background. Intimately connected with the suppression of D is the appearance
and reduction of a finite intensity correlation length &,, even though there are no truly localized
modes. &, includes effects of both, impurity scattering and loss/gain in the medium, and, thus, can
be shorter than the scattering mean free path [. For example, in a pure medium with loss/gain
&, would characterize the absorption/gain length and would be finite, while I would obviously be
infinite. It should be emphasized that the present theory incorporates both, the physics of multiple
impurity scattering valid at length scales larger than [ (Diffuson and Cooperon contributions) and
the physics of coherent amplification present at all length scales. Therefore, it is expected to give
an accurate estimate for £,. We conjecture that in random lasers this finite length scale £, might
define the coherence volume necessary for resonant feedback, that is observed experimentally [45]
and that appears to be smaller than [ in those experiments. In order to substantiate this conjecture,
the present localization theory will be coupled self-consistently to the laser rate equations in the
following chapter, which yields results for the position dependent dielelectric function above the
lasing threshold (Ime, s # 0) and, hence, for the lasing mode volume. Oscillatory behavior in space
and time is also predicted for sufficiently strong gain, although it is presumably difficult to observe,
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Figure 3.8: The correlation length Ry, is shown as predicted from the diffusion pole of the energy
density correlator as a function of increasing imaginary part of scatterers, which is proportional to
the external pumping. The following parameters have been used: €, = 1, Rees=10, the filling fraction
of the scatterers v = 30%, the external light frequency w/wy = 2.5, where wy = 2me/ro and c is the
vacuum speed of light. R is normalized to the scatter radius ro. The experimental data in the inset

are taken from ref. [53] and refer to the spot size of the modes. The calculated and measured spot
size show a good qualitative agreement.

as it occurs only during the exponential intensity growth between the laser threshold and saturation.




CHAPTER 3. LIGHT TRANSPORT IN INFINITE THREE DIMENSIONAL DISORDERED
38 MEDIA WITH ABSORPTION OR AMPLIFICATION




Chapter 4

Phenomenological Model of a
Random Lasing Layer

In the preceeding chapter we developed the transport theory for random, laser-active systems,
including light diffusion and weak localization. In the current chapter we show the coupling of
a purely diffusive model to the semiclassical laser rate equations, and further that the surface of
the laser-active medium is crucial in order to stabilize a stationary lasing state. We solve the
laser transport theory for bulk material with appropriate surface boundary conditions to obtain the
spatial distributions of the light intensity and of the occupation inversion. The dependence of the
intensity correlation length on the pump rate agrees with experimental findings. This chapter marks
an intermediate step towards a microscopic random lasing theory.

4.1 Introduction

As we have already discussed in this thesis before, a random laser is a system formed by stochastically
distributed scatterers embedded in a host medium, if either scatterer or host medium or both provide
optical gain. Multiple scattering of light is the mechanism providing coherent laser feedback, which
has been demonstrated experimentally to be present in such systems beyond doubt [51, 52, 53, 54,
55, 56, 57]. The origin of those spatially confined photonic quasi-modes, required by the coherent
feedback, has remained controversial. To gain a better understanding of the interplay of optical gain
and effects due to strong or Anderson localization (AL) [64], the investigation of light transport in
(linear-) gain media is an appropriate point to begin with in this chapter.

The underlying diffusion processes including AL, which itself has been understood [59, 60] as an effect
of repeated self-interference (so-called Cooperon contributions) of diffusive modes, is a hydrodynamic
phenomenon. Therefore it relies on conservation laws, which are, in simple terms, broken in a gain
medium. A theory including amplification in terms of linear gain, i.e. as an imaginary part of the
dielectric constant, is described in the chapter before and provides the needed ground work for the
actual random lasing systems.

Here we discuss the question of how a random laser system in the diffusive regime can be described.
To this end we consider the lasing material itself by the semi-classical laser rate equations and com-
bine it with a diffusing light intensity as described by a diffusion equation. Intensity loss introduced
by surfaces of finite disordered gain media is found to be crucial in establishing a stationary behavior
of lasing modes.
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4.2 Theory of a Diffusive Random Laser

We propose a theory of a diffusive random laser in the stationary regime. The lasing properties of
the medium are described by the semi-classical laser rate equations, which read for a four level laser

ON3 - No Ny (4.1)
8t TP T32 '
N- N. 1 1 Ny — N

% = =2_ ( + ) Ny — anh (4.2)

t T32 T21  Tnr T21
N, 11 (N2 — Ny) N
— el N. -7 - 4.3
ot (T21 + an) 2t T21 "vh T10 ( )

Ny _ NN o
815 T10 TP '

Niot = No+ Ni+ Na+ N3, (4.5)

where N; are the population number of the corresponding electron level (i € {1...4}), Nyot is the
total number of electrons, v;; = 1/7;; are the transition rates from level 7 to j and vp = 1/7p is the
transition rate due to homogeneous constant external pumping. Furthermore ny, = Npp, /Ny is the
relative photon number or photon density. Combining the above five equations in the stationary
limit (0;N; = 0), assuming 32 and 719 to be very large, the population inversion is found to be

P
ng = , 4.6
g YP + Vnr + Y21 (nph + 1) ( )

where ny is defined as no = No/Nyy:. As mentioned above, we seek to describe a diffuse random
laser, so that photon density in the disordered medium is required to obey the diffusion equation

Oinpn = DoV2npn + Y1 (npn + 1)na, (4.7)

where the last term of the r.h.s. describes the intensity increase due to stimulated and spontaneous
emission, as found in the semi-classical laser rate equations. In the stationary limit the diffusing
intensity therefore obeys

V20, = — 2L (npn + 1)na. (4.8)
Dy

Since in this section we are not concerned with correlation functions but rather with intensity, i.e.
the relative photon number n,y,, an infinite medium cannot be considered, as it would inevitably
lead to an infinite photon number. Therefore we consider a system which is bounded in the z—
direction, —% <z< g, and infinite otherwise. This symmetry introduces a loss of intensity since
photons may leave the disordered gain medium through the two surfaces. As it will be shown below
this introduced loss is crucially needed to stabilize the lasing mode allowing for a stationary solution.
In this film geometry a Fourier transform with respect to the unbounded variables z,y may be
defined in the usual way. Applying this Fourier transformation to e.g. Vznph(x,y,z) leads to
(— |2| + 02)npn(Q)), 2), where Q|2 = Q2 + Q7, is the momentum parallel to the film. Using this
transformation, the stationary limit of the photon number may be re-written as

dQ2 ~ . .
g (2, 2) = / e O PE(@) el 2), (4.9)

with the energy density kernel PE(C}H, z) given as

o 21
Pe(Q,2) = — : 4.10
(@12 = ST DoQ3 + Do 2 (4.10)

where the correlation length £ is defined as

Dy n
5:’/72? nL: (4.11)
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In order to obtain Eq. (4.10) we used the translational invariance of the system in the (x,y)—
plane and explicit diffusive behavior in the z— direction by means of the one dimensional stationary
diffusion equation in z— direction

Dod2npn = =721 (npn + 1)na. (4.12)

As seen in Eq. (4.10) the pole structure in this purely diffusive model behaves uncritical with re-
spect to causality, as expected. The correlation length &, and thus also the mass term Do -2 =
n2(Q)),2)

2@

tionally, the mass term becomes less and less significant as the laser intensity in the sample builds

up. This is so because the relative population inversion clearly obeys ny < 1 whereas the relative

photon number is not restricted.

To obtain explicit results it is therefore sufficient to combine Eqs. (4.12) and (5.99) to obtain

always remains positive, indicating an effective loss out of a given | mode. Addi-

Pag() = ~ 22 el (4.13)
? (vp/v21)’
Do 14680

describing the intensity (relative photon number) of a random laser film as function of the z—
direction, perpendicular to the film’s surface. Due to the translational invariance of the system in
the (z,y)— plane, the solution of Eq. (4.13) applies to any position within the plane of the lasing
material.
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Figure 4.1: Shown is the behavior of relevant quantities as a function z, the direction perpendicular
to the surface, through the film of the random lasing material for different values of the pumping
rate yp measured in units of y21. The diffusion constant is Dy = 1d*vo1. Panel a) displays the
photon number. The photon number increases monotonically with increasing pumping, and has its
mazximum in the center of the film. Panel b) displays the population inversion of the lasing material,
which is roughly inverse to the photon number. Panel ¢) however shows the correlation length of the
lasing system, and clearly behaves non-monotonically with increasing pumping.

4.3 Results and Discussion

Numerical evaluations of Eqs. (4.13), (4.11) and (5.99) are shown in Figs. 4.1 and 4.2. In Fig.
4.1 the photon number n,,(z), the population inversion ns(z) and also the correlation length of
the lasing intensity £(z) is shown as a function of z for different values of the external pumping,
characterized by the pumping rate vp, measured in units of 2. The value of the diffusion constant
was chosen to be Dy = 1d?~,1, where d is the width of the film. In panel a) of Fig. 4.1 the photon
number displays a monotonically increasing behavior with increasing pumping. The maximum of the
intensity resides in the center of film (z = 0), since this is the position farthest from the boundaries,
and therefore with lowest loss of intensity. The population inversion, see Eq. (5.99), behaves roughly
inverse to nyp(z), and monotonically with increasing pumping. In contrast to this, the correlation
length £(z) as given by Eq. (4.11) displays a non-monotonic behavior with increasing pumping.
For pumping rates yp < 721 the correlation length increases but for pumping rates yp > 721, £ is
decreasing. The equality between vp and 751 marks the situation where electrons are as fast excited
into the upper laser level as they relaxate to lower levels. Therefore this characterizes the lasing
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threshold. Since experimental data are so far available for systems above threshold only [53], only
the decreasing behavior of the correlation length or spot size has been reported.
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Figure 4.2: Shown is the behavior of relevant quantities as a function of the pumping rate vp
(measured in units of v21) at the surface of the film (z = 0.5d) for two different values of the
diffusion constant Dy. Panel a) displays the photon number. The photon number reaches saturation
at high pumping, the numerical value depends on the diffusion constant. Panel b) displays the
population inversion of the lasing material, saturating towards full inversion (ne = 1). Panel c)
however shows the correlation length of the lasing system, and clearly behaves non-monotonically
with increasing pumping. Below the lasing threshold (yp/v21 = 1) the correlation length, i.e. the
spot size, increases, and afterwards decreases again.

In Fig. 4.2 the photon number n,,(2), the population inversion ns(z) and also the correlation length
of the lasing intensity £(z) is shown as a function of external pumping, characterized again by the
pumping rate yp, measured in units of ;. The different quantities are evaluated at the surface of
the lasing film, i.e. at z = 0.5d. Shown are results for two different diffusion constants Dy = 0.1d%72;
and Do = 1d?v21, both of which are experimentally accessible in these systems. In panel a) of Fig.
4.2 the displayed photon number increases with increasing pumping until saturation behavior sets
in. The exact value of this saturation intensity depends on the diffusion constant. If the diffusion
constant is large, then the time a photon spends inside the material is small. If the diffusion is
less favored, i.e. for smaller Dy, then the intensity remains longer inside the lasing material and
therefore contributes more to the population inversion. Consequentially the built up intensity within
the material is larger in the latter case. In panel b) the population inversion also increases with
increasing pumping until it saturates towards full inversion ny = 1, i.e. all available electrons have
been excited into the upper laser level. The correlation length £ in panel ¢) however, displays a non-
monotonic behavior, increasing below the threshold and decreasing above. The decreasing behavior
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above threshold has been reported in experimental data [53].

4.4 Summary

We presented in this chapter a coupling of the semi-classical laser rate equations to a disordered
system of finite size, which is described by an assumed diffusion equation and losses through the
surfaces.

Compared to chapter 3 we took the complementary point of view and treated the lasing properties
correctly in terms of semi-classical laser rate equations but neglected Cooperon contributions and
used the bare diffusion constant to describe a diffusive random laser. Of particular interest to us
is at this point the stationary behavior where the constant external pumping and the emitted light
intensity establish a balancing. For this case we showed that the corresponding energy density
correlation function always behaves causal as it must. This is due to intensity loss through the
samples surface, which therefore stabilize the lasing mode. The second major result in this section
is the calculation of the correlation function, describing the spot size of the lasing modes. We find
that above laser threshold the spot size decreases with increasing pumping in quantitative agreement
with experimental data. Furthermore we find an increasing behavior with increasing pump intensity
below the threshold.




Chapter 5

Selfconsistent Microscopic Theory
of Random Lasing

In chapter three we developed a transport theory of light in bulk material, which is infinite in all
three spatial dimensions and therefore also translational invariant. In experimental physics [63],
however, the relevant geometries are always of finite size, e.g. the purely two dimensional systems of
finite extension as used in experiments by H. Kalt [63], or, also of particular interest to us, the slab
or film geometry as shown in Fig. 5.1, which is widely used in experiments by H. Cao [2]. In the
latter system, the extension within the (z,y) - plane can be regarded as infinitely large compared
with intrinsic length scales. Hence the system obtains translational invariance in this plane, the
finite extension in z-direction, however, breaks this translational symmetry regarding the intensity
transport in this third dimension.

The proposed phenomenological lasing theory with loss terms at the boundaries in the z-direction
is already well designed to describe such a finite system, but it fails to account for transport details.
Thus there is a need to adjust the transport theory for such systems, especially when the considered
layers are thin, because then the boundary effects contribute the most.

In this chapter, we introduce a transport theory, which includes translational invariance in the (x,y)
- plane and also accounts for the finite width in z-direction, c.f. Fig. 5.1. We find a subtle interplay
between both of these conditions when we look at the diffusive characteristics of the intensity
propagator. As one consequence, the causality of any observable is intrinsically guaranteed. This
will be shown to result from the light intensity loss through the sample’s surface. If we look at
the transport theory introduced in chapter three it can easily be seen, that introducing a finite
length in one direction of the sample will cause significant modifications because this theory has
been developed in the momentum and frequency domain. Due to the finite length applying a
Fourier-transformation requires special attention.

What we have to derive first is a fully consistent description for the single-particle behavior, while
assuming that the wave traveling through the sample experiences bulk properties of the material.
Afterwards we will look at the two-particle quantities, obeying the Bethe-Salpeter-Equation. Here
we have to deal with the problem, that the intensity sees the surface effects in the third direction.
This results in a different treatment of the spacial dimensions in-plane and the finite z-direction.
Nevertheless light intensity experience three dimensional transport.

5.1 Single - Particle Green’s Function

In this chapter we introduce the intensity transport in a system which is translational invariant
in-plane and of finite length in the third direction. In contrast to the theory for infinite systems in
space we have to use some modifications for the slab geometry. Contrary to chapter three, where we
performed a complete Fourier transformation of the quantities, we have to deal here with a different
situation which forces us to reassess the Fourier transformation in the third direction. The finite
extension in this direction prohibits that we may perform a Fourier transformation in this direction
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Figure 5.1: (a) The geometry of the considered system is depicted. Within the (x,y) - plane the
system can be regarded as infinitely large as compared to any intrinsic length scale, therefore the
system displays translational invariance within this plane. The width of this film or slab geometry,
however, is of finite width d and requires special consideration, as it introduces intensity losses at
the surface. (b) Slab geometry model including translational invariance in-plane and finite extension
in the third direction. Loss at the surface of the system balances the stationary limit.

straight forwardly. Therefore we introduce a transformation of the z-coordinate, which is finite, to
the center of mass and a relative coordinate. With respect to the relative coordinate the system
behaves approximately translational invariant, we may therefore perform a Fourier transformation of
this coordinate to momentum space. The transformation to center of mass and relative coordinates
leads to the approbate expression for the Boltzmann or kinetic equation as will be shown below.
In order to find an explicit expression and also in order to apply a (partial) Fourier transformation
we need to have a closer look at the single-particle-Green’s function first.

As the starting point we chose the defining equation for the retarded disorder averaged single-particle
Green’s function

(ewi + V2 = S7) G(ri,rl wy) = 6(r —11). (5.1)
We now introduce center of mass and relative coordinates as
!
Rz% r=mr —r (5.2)

and replace 1 and 7} and the gradient according to Eq. (E.3). After this, Eq. (5.1), is now rewritten
as

1 A
(ebwi + ZV% + VA, + VeVa, — ER> G(R, 77“; wi) = §(Ar). (5.3)

With respect to relative coordinates, the system is approximately translational invariant, and a
Fourier transformation can be applied. Applying such transformation to the above equation yields

1 -
(ebwi + ZVZR —p*+ip-Vg— ER) Gp(Rywy) = 1. (5.4)
In contrast to the relative coordinate the center of mass coordinate is translationally invariant

in-plane only. Therefore the system can be Fourier-transformed with respect to the x- and y-
components of the center of mass coordinate

(61,(4)_2,'_ - _Q\Q\ + _a% _p2 — Pz Qz _pry +ip.0z — ZR) Gp(@\|;Z§W+) =1
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where we define C_ju to be a three-dimensional vector of the form

. Qu
Q=1 Q@ |- (5.6)
0

Then we rewrite the above differential equation to

— 2
L Q 1 _ .
Gb(,di - (p + 7” - ZR + Z@% + szaz GP(QH’ Z;w+) =1. (57)

This differential equation, Eq. (5.7), has to be solved with Dirichlet boundary conditions. The
general solution can readily be obatined as

o 1
Gp( Qi Ziwy) = Y (5.8)
ebwi — (ﬁ+ %) — 3R
+ Cle—Qi(pz+ p§+a2)Z + C2e—2i(pz—\/p§+a2)Z
where the abbreviation a is defined as
Q. 2
a:= ebwi — (ﬁ—i— 2”) -3k (5.9)

and the coefficients C; and Cs have to be evaluated according to the boundary conditions. As
boundary conditions we require that the Green’s function takes some value R at both surfaces, i.e.
at Z = ig, therefore

~ d
Gp(Q; 2 = E55w4) = R, (5.10)
i.e. we impose symmetric boundary conditions and the value of R is to be determined below. R
is not to be mixed up with the center of mass coordinate of the chapter before. Having specified
these conditions, we can solve the system of equations (as shown in detail in Appendix B) for the
two coefficients C; and C5 and eventually obtain the result

1 sin(pzd—i— \/p§+a2~d)
o, = (R - ) (5.11)
a sin (\/pf,—i—aQ -Qd)
1 sin(pzd—\/pz—&—az-d)

sin (V/p2 + a7 - 2d)

In order to determine the value of the Green’s function at the two boundaries we now require,
that the single-particle Green’s function in the very vicinity of the surface has approximately bulk
characteristics, i.e. we set R = 1/a. This is justified by the observation, that the Green’s function
describes the characteristics of a single wave, having characteristic length scale wavelength A, which
is much smaller than the system size d and also much smaller than the center of mass coordinate,
or length scale Z. Therefore the Green’s function varies only very slowly as a function Z, and this
variation may as well be neglected since it will not enter the localization theory in any critical way.
Finally, the solution for the single-particle Green’s function is found to be
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Figure 5.2: Diagrammatic form of the representation independet Bethe-Salpeter-equation of the
intensity-correlation function ® as shown in Eq. (5.14).

1

G2
epwi — (ﬁ+ %) — 3R

Gp(Q); Zywy) = (5.13)

and is not a function of the center of mass coordinate Z. This is the expression of the single-particle-
Green’s function which will be used further.

5.2 Light-Intensity Correlation Function

As we have seen, the position dependencies of our system has to be discussed in detail concerning
the Fourier-transformation. For the reason that not all coordinates can be Fourier-transformed
straight forward, we need the position-space representation of the Bethe-Salpeter equation (BS) to
discuss the Fourier-transformation in detail. Therefore we start with the representation-independent
operator notation of the BS, which reads

d = (GR ® GA) + (GR ® GA) 4d = (GR ® GA> []1 @1+ ’?@] . (5.14)

To find the real-space representation, we first construct a state in real space as

r1,1m2) = r1) ® |r2) (5.15)

with meaning, that |r1) acts only on retarded subspace and |rs) acts only on advanced subspace.
The corresponding bra is therefore

(ri,mal = (ri] @ (1] (5.16)

where again (r}| acts only on retarded subspace and (15| acts only on advanced subspace.
So for instance the product for disorder-averaged Green’s functions reads

(r1, 2GR @ GAYL 1) = (| GEF)) ® (ra| GAr) (5.17)
= GM(r1,17) @ G (ra,15) (5.18)
= G"(r1,17)G (ra,15) (5.19)

where GF(ry,r}) is the regular real-space representation of G, i.e. this is the solution of the defining
differential equation.
In the following we will use the completeness relation of the states

Do lrsrad(raral = Y (Irs) @ [ra)) ((ra] @ (ra) (5.20)

T3,T4 73,74
|r3)(rs| @ |ra)(r4 (5.21)
= 1®l=1. (5.22)
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Figure 5.3: Position-space representation of the Bethe-Salpeter-equation as shown in Eq. (5.25).
Multiplying the BS equation with (ry, r2| from the left and with |r{,75) from the right we arrive at

<r1,r2\<i>\r’1,ré> = (r1,ro] (GR ® GA) RS (5.23)
+(r1,ma] (GR© G*) 4@Ir, )

and we insert two 1, ie. 1=3"  |rg,ra)(rs,ral and 1 =3 |r5,76)(rs, 76| to obtain

(11,72l Bl 1) = (1] (GR @ G4l h) (5.24)

30 > raral (GR @ G frs,ro)rs, rolAlra, ra) (ra, ral @I, 7).

73,74 T5,76

Therefore, we can find the real-space representation of the BS as

O(ry,ryre,rh) =GBy, 7)GA(ro, 1)) (5.25)
+ Y GR(ry,rs)GA(ra,m6) Y (s, i e, ma) B(rs, 7 T, ).

73,74,75,T6

The summation over the real-space basis is in this context equivalent to integration, because the
the real-space is continuous.

To derive and further analyse the kinetic equation, which is equivalent to the Boltzmann equation,
we return to the BS in operator notation

$ — (GR ® GA) {IL Q1+ fyé} . (5.26)

Now we use the operator identity valid for any operators A and B which has also been employed in
chapter three

@B=(A1'91-19B ) ' [1eB-A®1] (5.27)

A
to the term (GR ® GA) and arrive at the kinetic equation in operator notation

(@ e1-10(GY) @ (5.28)
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The real-space representation is found in the same way as the above BS equation itself, i.e. we mul-
tiply with (ry, 72| from left and with |}, 75) from right and insert unit operators 1 = |r,rg){(rr, rs|
at appropriate places, and arrive at

>l [(GF) 7 @1 = 16 (G4 e, ) (rr, 7| DI )

T7,7T8

= (r1,7a) (11 2GA — GR g 11) I, rh) (5.29)

+ Z (ry, 72| (]l 2G4 - GEw ]l) |75, 76) (5, 76| 5|73, 74) (73, 74| @77, 7).

73,74,75,T6

The operator G® was by definition the inverse differential operator of the defining differential
equation (wave equation), therefore (GR)_1 represents the original resolvant operator for the wave

equation. Bearing this in mind one finds for the action of G® on the combined Ket-vector |r7,rg)
in Eq. (5.29)

(ri,r [ (G @ rr,rs) = (r1|(GF) ) @ (ralrs)
= (ewl +VZ =X 16, ® 16,, 4 (5.30)
where V,, implies differentiation with respect to r;. The placement of the unit operator 1 is

necessary to clarify the matching of the spaces the operators live in. In complete analogy we also
find for the advanced Green’s function

(ri|r7) ® (ra|(G*) ™ [rs)
= Ol ® (gw? + V2, — 54) 16, 4. (5.31)

With this the above equation, Eq. (5.29), can be written as

(r1,m2|1 ® (G*)~r7, 7s)

(34 =S+ (el — g )+( V7, — V2, ®(r1,71;72,75)
=[G4 (ra, ) — G (r1,7%)] (5.32)

+ Z [GA(’I“Q,’I“G) — GR(’I“l,’I“g,)]

73,74,75,T6
><7(7“5,7‘3;7“677“4)‘1)(7"3,7'/157“477”§)'

This kinetic equation, Eq. (5.32), is as an integro-differential equation analogous to the so-called
Boltzmann equation in real-space representation.

As we have discussed above, it is necessary to employ a partial Fourier-transformation. For this
purpose we have to transform to center of mass and relative coordinates according to the transfor-
mation rules shown in Appendix E. The kinetic equation in real-space representation, Eq. (5.32)
reads now

(B4 = 2F) 4+ (gw? — w2 )+(2VRV A, )] (5.33)
Ar ,  Ar Ar . Ar
X@(R+77R+ 9 7R—7,R— B) )
Ar Ar! Ar Ar!
o A = /- o R = /
{G(R 27R 2) G(R+2,R+2)
A A A A
+ > [GA(R — S Rsg — —20)-GR(R+ =5, Ryg + —=52)
2 2 2 2
R34,R56,A734,A756
Ar Ar Ar Ar
X7y (Rs6 + 2567R34 + TM;Rsa - TE)G,RM - 234)
A Ar! A Ar!
% ®(Raq + ;34,R’+7T;R347 ;34,1%’7 27" ).
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The single particle Green’s function depends only on the relative coordinates as shown section 5.1.
Therefore (5.33) is written as follows

(24— Z8)+ (gl — gw? )+H(2VRVar)] (5.34)
Aro A Ar _, A
XO(R+ = R+ = R = R = =)

= [¢*(ar) — GF(Ar)] s(Ar — AF)

+ 0y [GA(R— g) - GE(R+ E) §(Ar — Arse)

R3a,Arza 2 2
Ar Arzy Ar Arsy
xy(R + 771%34-1-?73 7»R34 9 )
A Ar! A Ar!
X (R34 + ;34 SR+ TT; R34 — ;34 R — ; )

5.3 Fourier transformed Bethe - Salpeter Equation

We begin with the above derived Bethe - Salpeter equation, Eq.(5.34). Due to physical reasons, all
quantities are translational invariant with respect to the relative spatial coordinate, therefore we
introduce a Fourier transformation according to

G, = / dAr e P A7 G(Ar) (5.35)
G(Ar) = / ng)geHP'ATGp. (5.36)

Since the single-particle Green’s function depends only on the spatial relative coordinate (transla-
tional invariance) it follows that it depends on one momentum only. Therefore we have

Gpp = Gpd(p —1'). (5.37)

After applying the in-plane Fourier-transformation with respect to the center of mass coordinate in

Eq. (5.34), the delta function 6(Q) — QTI) appears in all terms and may therefore be omitted from

now on, furthermore we introduce the shorthands AX and X, for any quantity X according to
AY = x4_xF (5.38)
Oy = 24+ %8 (5.39)

and in general for any quantity as for instance the Green’s function

A R

AG(Q,Q) = (Gf;:) —(ng) (5.40)
A R

0G(Q,Q) = (Gj;;) +(G°;++) (5.41)

and can finally rewrite the above kinetic equation Eq. (5.34) as

AY+  CewQ — Aew? — 25 - Q) + 2ipzaz] o(2,2)
= AG,(Q))d(p — p) (5.42)

dp” @ Q
+D_AG(Q) / a3 T (% Zs) 2y (Zss, Z)
Z34
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The single terms in the above equation have a physical interpretation. AY represents single-particle
scattering of the intensity, the term proportional to €2 represents the temporary change of the
intensity since € is the Fourier-partner of the time. The last two terms 2pj - QH and 2ip,0z
represent the drift terms, because their Fourier-transform is equal to the spatial derivative. The last
term on the right hand side is the so called collision integral which includes here also interference
effects.

5.4 Light Intensity Transport in Bounded Disordered Media
with Absorption or Gain

In this chapter we consider the solution of the above derived Bethe-Salpeter equation, Eq. (5.25) for
systems in a film-geometry, which we state here again in its form prior to the Fourier transformation
of the relative coordinate Az along the z-direction

O(ry,ryire,rh) =GR, 7)GA(rg, 1) (5.43)
+ Y GBR(r1,r5)GA (ra,m6)Y(rs, i e, ma) D(ra, 1 7, 7).

T3,74,75,T6

Introducing relative and center of mass coordinates and further utilizing the operator notation, as
discussed in detail above, we may rewrite the Bethe-Salpeter equation.
Eventually, we apply the following operator identity

ip=-B=4

e (o)

in order to derive the Boltzmann equation of transport, also referred to as the kinetic equation, and
given by

AY+  OewQ — Aew? — 2p)) - QH + 2ipzaz] @fpll‘ (2,7

= AGp(Q; Z,2")o(p— 1) (5.45)
d /! ,
Z34

Details of the derivation can be found in section 5.2.

5.4.1 Solution by Moment Expansion

We follow the general solution procedure already discussed in the context of light propagation in
infinite three dimensional media. This means we use an expansion of the intensity correlator ® which
is to be calculated into its moments. The first two terms of expansion are identified as the energy
density (the zeroth moment) and the energy density current (the first moment) and subsequently
related to each other by the derivation of two independent equations.

To obtain the continuity equation we first define the energy density ®.. and energy density current
¥, in terms of @;,p(éj, 0, Z,7") and also in terms of ®,, and ®;, (the intrinsic first two moments
of the correlator ®) according to

w2 w2 w 5 /

e = 5= B, (Q,972,7) (5.46)
Cph Cph p,p’
w w — ~ w — .

o, = thvE(w)q)jp - CThUE(w) Z (2k : Q) o (3,9:2,2). (5.47)

p,p
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In the above equation, Eq. (5.47) we have used a three dimensional vector @, which requires some
explanation. We start with the definition of a three dimensional vector operator Q,

_ Q
Q= @ (5.48)

—i0yz

whose action on a given testfunction ¢(Qg,Qy, Z) is defined according to

Q*0(Q:.Qy.2) = (Q2+Q2—0%)¢(Qu,Qy, Z) (5.49)
20(Qu, Qy. Z) + Q20(Quy Qy, Z) — 050(Qu, Qy. Z).

Q points to the direction of Q.

5.4.2 Continuity Equation

The first step consists in deriving a first equation relating energy density and energy density current.
The result of this will be the continuity equation. It is obtained by summing Eq. (5.45) over the
(three - dimensional) vectors p’ and also over p’

D AS(W)08, (G, 2, 2) — Aew® D, (G, Z, Z') (5.50)
pp

+ Oew0®,,(Q, 2, 2") — Qd;,(Q,9; 2, Z")
= AGo+ Y. AGHQ 07, (G, Z, Z3a) B (G, Q4 Zss, Z').

PP’ 234
where we used the definitions of the moments as given in Eq. (5.46) and Eq. (5.47).
Again, we incorporate the local energy conservation by means of the Ward identity, which we also
calculated for this particular geometry, i.e. for the case of spatial dependence on the center of mass
coordinates (Z,Z'), c.f. Appendix C. This Ward identity employed by substituting the first term
on the left hand side, Zp AE(w)@;’,(Q, O; Z,Z"), in the above expression, Eq. (5.50).
For the sake of completeness we state the Ward identity here, which reads for these systems of a
film of finite width d

AY2(G,9) DD TAGH(@ Qv (G, 2", Z) (5.51)

pz
+ L@ Y06 (@227, 2) + 053G 9)
vz

where we introduce the abbreviation as above 0%, (w) = Eg (w) + E;{ (w) etc., and the renormal-
ization factor f(w) is given by

(WQRe A€ + iw?Tm Ae)
(w?Re A€ + iwQIm Ae).

fo(€) = (5.52)
Using the Ward identity to substitute AY in Eq. (5.50) and afterwards employing an expansion for
(Q,9Q) — (0,0) on the substituted terms we first observe a cancellation with respect to the last term
on the r.h.s. of Eq. (5.50), and finally using the relations given in Eq. (5.46) and in Eq. (5.47) we
eventually arrive at

w

Q®;c(Q, Q) (5.53)

02.(G 00l (1+Aw)) —
P

2 . -
— %AGO(Q, Q) + P (Q, Q)iA(w)

P
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or equivalently written in the following way

Qq)ee(@a Q) - Qq)je( _'7 Q) (554)
w*AGy(Q,9) 5 iA(w)
= + ®€€ ,Q -~/ N -
2gl!) (1 + A(w)) « g (1 n A(w))

In the above equations, especially in the continuity equation, Eq. (5.54), we introduced the following
abbreviations

_ [P e
AGO = / WAGP (Q, Q) AE = €scat — €b (555)
B Im (AeX) ~ ImAe
YT (AeGp(w)) "~ ReAe (5.56)

(ReAe)® 4+ (ImAe)?

A, = 2[uReGy+ ReX B, = 5.57
[ ’ ] 2w? (ReAe)? (5.57)
as well as
c? 1

= 5.58
ve cpReey 1+ Aw) (5.58)
A(w) = BAc+irddaAd(Q) (5.59)

Aw) = iw’Tme, —ir A,

2w 4w
o) = Fime gV = ZRee (5.60)
~ CpU w?Ime reA

A = pUE _ b ele ' 61
w uJdmGy  u JdmGy (5.61)

The continuity equation, Eq. (5.53), relates the temporal derivative of the energy density (here
Fourier transformed to ) to the divergence of the energy density current (here Fourier transformed
to @). The sum of both equals the source (drain) of energy density in the system, therefore it
represents in this sense energy conservation.

In the above equation, Eq. (5.53), we recover the correction terms, which we also have found for
three dimensional infinite media. This had to be expected, since they originate from the Ward
identity and therefore represent the non-conserving characteristics of the systems.

Despite the recovering of previously found corrections, Eq. (5.54) is severely different from the conti-
nuity equation for infinite media in that it contains a differential operator, and therefore establishes
a differential equation.

5.4.3 Current Relaxation Equation

As explained in chapter one and discussed in some detail in chapter three, we need a second and
linearly independent equation, which relates the energy density to the energy density current. This
relation is called current density relation.

We obtain this relation, by going back to the Boltzmann equation, Eq. (5.45), and multiply it with
the current projector p'- Q. Afterwards we sum the equation over p and p’. This procedure yields

AY(w) — Aew? + Oew

2, -0 (27-Q) 23(0.9) (5.62)

=3 (27:Q) AG, + 3 (27 Q) AGy, (G % 2) 05, (G, ).
P pp”
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At this point we use the moment expansion of the energy density correlator as given by

¢, = AGy pp + <2ﬁ Q) AG?)

~ AGy S (2 Q) 863

O+ ... (5.63)

as well as the Ward identity as explained above and afterwards we again expand the expression for
(Q,92) — (0,0). The result of this procedure is eventually

Reeyw + i [Im¥(w) — ImAew?] +iM(Q) | @ + QP A = 0 (5.64)

where we introduced the so-called memory kernel M (€2) by the following definition

| - 1 k[ dK
M@ =g <§ﬂ’32<2;z-@>mak>2/ a7 | Gy (>65)
X (2K Q)AGK) Y w (AGK )2 (2K - Q)

The above derived current density relation or current relaxation equation, Eq. (5.64) is also a
differential equation, since it contains the vector operator (). The calculation of the memory kernel
M is explicitly shown in Appendix D.

5.5 Diffusion Pole Structure

In the previous subsections we have detailed the solution scheme of the Bethe-Salpeter-equation,
Eq. (5.43), with the help of a moment expansion of the intensity correlator ®. As presented in
detail, this yields two linearly independent equation relating the two quantities energy density and
energy density current. Consequentially, Eq. (5.54) and Eq. (5.64) constitute an algebraic relation
between energy density and energy density current which now includes contributions proportional
two the second derivatives of those quantities. _

We therefore apply the operator QQ on Eq. (5.64) and use the result to substitute Q®;, in Eq. (5.53).
As a result we obtain

Q0ew + AX(w) — Aew? 4+ iM (w) | ®jp + Q*®,,W = 0 (5.66)

Q

Reeyw() + i [ImE(w) — ImAew?] +iM(Q) | D) + Q*®. A =0. (5.67)

Q

For the sake of a clear notation let us define the abbreviation [1] according to

[1] := |ReqwQ + i [Im¥(w) — ImAew?] + iM(Q)|. (5.68)

Recalling the definition of the operator @2
QP =Q1+Q; - (5.69)
we define

Qf == Q2 +Q; (5.70)
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and find e.g.
A(@%“) LA (039.)A 5.71
Te. T e, .
and also
(@2A) LA (8%]1) , A
I R T o

since the quantity A consists according to its definition Eq. (5.61) of single-particle quantities only,
which do not show a functional dependence on Z. Hence the derivatives vanish. Using this together

~ 2
with the identity (Q2‘1>65> = P (Q;>“) we may rewrite the above equation, Eq. (5.67), in the

following formal way

el T T 1)
(@) () @1)
+ + - CI)ee
[P W @1+ aw)
2AGH(@,
- “’(1) (@) (5.74)
gl (1+Aw))
By introducing the definitions of the numerator of the diffusion pole N, (Z) as
2AGH(Q,Q
N, (Z) = “’(1) Go(@,9) (5.75)
29w (1 + A(w))
and the diffusion coefficient D(), Z) for the slab geometry
24
—iD(Q, 7) := .
iD(®, 2) { [Reepw + i [ImS(w) — ImAew?] + iM(Q)] } (5:76)

as well as the dissipation length scale x4(Z), which is describing the growth or the absorption of
intensity and which is also emerging in the infinite system,

iD,Z) iAW)

= (5.77)
WZP T 0 aw)
we can formally extract the pole structure as
N, (Z
Pec(@6Y) = A2 =2 (agcbg(‘)if 2(Qe.)(QA)+2,.(QM]) (5.78)
Q+iDQ —iDXg” ~ T, T o

To gain a better insight we want to stress again that the phenomenon of diffusion relies on conser-
vation laws and may be analyzed by means of the presence of a diffusion pole in the energy density.
The general idea behind this was explained in chapter 2, and it is based on the fact that in leading
order diffusion is described linearly in 2 and quadratically in @. Corrections to this behavior are
included in an €2-dependent diffusion constant, which is determined selfconsistently by including
Cooperon contributions. This was done in the pioneering work by D. Vollhardt and P. Wolfle [65].
Here we are interested in studying the wave transport phenomena in dissipative media of finite
width due to geometrical restrictions. However, for comparability and consistency reasons we also
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apply a hydrodynamic expansion, i.e. (Q,Q) — (0,0), to extract the diffusion pole structure and
study diffusion in the presence of self-interference of the waves by means of a frequency dependent
diffusion coefficients.

This in turn has consequences for the diffusion pole shown in Eq. (5.78) regarding the term con-
taining the second derivative of ®.. . It is to be taken at @, = 0 = @, and 2 = 0, since, as just

explained, this contains and reveals the diffusive characteristics of the system. In order to extract

the correlation length we have to find an expression for 7(8[1](}%;) at @z =0=Qy and at Q=0 .

At this point (Qz = 0 = @y, = 0) the equation determining ®.., Eq. (5.73), reads

o T gl (14 Aw) e, (14 AW)

Using this expression (and recognizing the last term to be D/x?) to subsitute it in the diffusion pole
we obtain for the energy density

@ Ww2AGy(@, f)z> iAw) (5.79)

N.(Z)
66 Q . .
(@.0) = Q+1DQ +iD - €72 (5-80)
which defines the positive correlation length & as
1 N, (Z
(2) (5.81)

Eventually the correlation length &, Eq. (5.81), the diffusion coefficient D(Q2), Eq. (5.76), and the
energy density @, Eq. (5.80), constitute the solution of the transport theory of light intensity
within a finite system with boundaries.

Selfconsistent System of Equations

Here we state again the main equations from the above derivation, to have them present in one
place. The equations that constitute the solution are:
The Energy-Density

No(Z)

Dee(Q, ) = 07D +iD &7 (5.82)
the Diffusion-Constant
D(Q) [1 —iQrZReew| = D" — 12D (Q) M (w) (5.83)
the Correlation-Length
1 N(2)
= = 5.84
2 DO (Q)=0,2=0) (5:84)
the differential equation for the Energy-Density
2 W2AGH(Q, Q)1 iA(w)[1
_8822 (I)ee — GO(Q )[ ] + ? (w)[ ] (I)“ (585)

()(1+A( ))21 g&’(1+A(w))A

Now recognizing that in the above equation, Eq. (5.85), the last term is just —X%CD“ with x4 the
d

grow length as also found in infinite media and defined in Eq. (5.77) and defined above, we rewrite
Eq. (5.85) as

o ! {D (5.86)

P - - | =
972 D | =2

}q) 1 Ww?AG(G,Q)
Xd €€

D g2y [1+4w)]
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5.5.1 Selfconsistent Diffusion Coefficient

In this section we derive the selfconsistent equation, which determines the diffusion coefficient
D(Q, Z) defined Eq. (5.76), together with the definitions Egs. (5.55-5.61), as well as Eq. (5.65) we
finally find

D(Q) [1 — i QReewr;| = D" — 72D(Q) M (w) (5.87)

where we have used
AX(w) = 2iImY(w) (5.88)
Deb = 2Reeb. (589)

Furthermore we introduced the lifetime 7, of the diffusing modes, due to both, scattering and
non-conservation of energy, as

1
2
Ta

~ ImX — Imew? (5.90)

and the diffusion constant without memory effects, D{°* = Dy + Dy, + Ds, consisting of the bare
diffusion constant,

Dy

-2t [S1 1 apayy (591)

 WAG ) (27)2

and dissipative contributions (renormalizations) from absorption or gain in the background medium
(Dyp) and in the scatterers (D), given by

1 -

D, = 1(ma)2 Ae, Dy (5.92)
1 -

D, = greAeTgDo. (5.93)

These two contributions have already been found in chapter three for infinite media. They originate
from the Ward-Identity and therefore have only a small parametric dependency. Eq. (5.87) estab-
lishes a self-consistency relation for D since the memory function M itself depends on the diffusion
coefficient since the irreducible vertex function «y contained in M is expressed by the diffusion pole
of the energy density correlation function as shown in Appendix D, and therefore depends on the
diffusion coefficient D.

5.6 Microscopic Theory of Random Lasers

To derive a full solution for the Random Laser, we have to couple the transport theory of light to
the laser rate equations. As discussed in detail in chapter four, the rate equations for a four-level
laser are

ON; No Ny
- 2 _ 2 5.94
315 Tp 7'32 ( )
ON- N 1 1 Ny — N
t T32 21 Tor T21
ON 1 1 Ny — N N
71 — ( + ) N2 + anh _ 71 (596)
ot ™1 Tor T21 T10
ON, N, N,
=L = =22 5.97
815 T10 TP ( )
Nyt = No+ N1+ Na+ Ns, (5.98)

where N; = N;(7,t), i = 0, 1, 2, 3 are the population number densities of the corresponding
electron level, Nyo is the total number of electrons participating in the lasing process, v;; = 1/7;;
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are the transition rates from level i to j, and ~,, is the non-radiative decay rate of the laser level
2. vp = 1/7p is the transition rate due to homogeneous, constant, external pumping. Further
Nph = Npn/Niot is the photon number density, normalized to Ny In the stationary limit (i.e.
OiN; = 0), the above system of equations can be solved for the population inversion ny = No/Nyy
to yield (32 and 719 assumed to be large compared to all other rates)

ng = P
P + Yur + 721 (Mpn + 1)
The energy density ®.. calculated above relates to the diffusing photon number by the relation

(5.99)

+3d
Nph :/ dZ'®.(Z,Z")no(Z"). (5.100)
d

1
3
The energy density correlation ®.. obeys the equation

92 1 [ D } o 1 w?AGH(Q,0)

- s R - . (5.101)
€€ 5
072 D | -xa D cf,gc(dl) {1 + A(w)}

5.6.1 Microscopic Determination of the Amplification Rate of the Inten-
sity

In order to study how the photonic gain predicted by the laser rate equations is incorporated into
the transport theory, we compare the results of our microscopic selfconsistent transport theory of
this chapter five, with the diffusive model of random lasing which has been outlined in chapter four
before. The previously phenomenologically assumed diffusion equation for the photons reads

8nph _ D627’Lph
ot 072
and involves a term proportional to 721, which describes the intensity increase due to stimulated
and spontaneous emission. This term originates from the semi-classical laser rate equations Eq.
(5.96). The term 721 (npn + 1)ng in Eq. (5.102) is equal to the amplification rate of the intensity
and therefore not related to a specific diffusion model.
Now we compare these considerations with results of the exact microscopic approach. The micro-
scopic analogy to the photon density is the energy density ®... In the static limit (9;®.. =0 < Q =
0, and 9;ynp, = 0) we have to match the following two equations describing the photonic growth in
either of the two models

0? 1 [ D 1[ D
_7(bee = 5|77/ (I)ee | 92
022 D [XEJ T D [XZ}

+ Y21 (npn + 1)n2 (5.102)

1 wAG(@.9Q) 1{ D ] (5.103)
Dcf,gé}) {1+A(w)} D [ =X}
9’n 1 1
_ aZ];h _ 5721n2nph+5,y21n2 (5.104)

The first term on the right hand side of both equations represents stimulated emission, the second
term, however, accounts for the spontaneous emission. The third term on the r.h.s. of Eq. (5.103),
represents light amplification which is due to the propagating intensity within a gain medium (with-
out contributions from spontaneous emission). This term has of course no counterpart in the phe-
nomenological model of chapter four, represented here by Eq. (5.104).

Now we directly compare the terms for amplification in both equations, and therefore write

1 1
5’72171271;9}1 + 5721”2

1>

(5.105)

[t

WAGY(G,Q) 1 [ D

5 [5a) 5[5 =
=15 + 5|+ |5 =
D [ =X} D | —xj Dcf,gi;l)[l—&—A(w)} D [—xj
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We neglect all incoherent contributions resulting from spontaneous emission etc. and require the
equality of the coherent grow rates, representing the stimulated emssion process. The grow rates of
both equations can or must be identified with each other, thus they form the link of the selfconsistent
transport theory to the laser rate equations

D
N [ 2} , (5.106)
-

By selfconsistent calculation of the grow term, we are able to determine the gain Ime, of the system
only due to microscopic considerations and therefore do not need to rely on phenomenological
assumptions.

To derive the solution the system is specified in terms of light frequency, scatterer radius, filling
fraction of the scatterer and the dielectric functions for both background and scatterer’s media. Then
the diffusion coefficient D is selfconsistently calculated. With this diffusion constant, we solve the
phenomenological laser model to obtain the inversion ny, with this inversion we solve Eq. (5.106),
which yields the imaginary part of the dielectric function. Finally with this newly calculated epsilon
the calculation starts all over again, and is repeated until a convergence is found.
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(PgE Im €

Figure 5.4: Selfconsistent solving prozess of the microscopic transport theory coupled to the laser
rate system. The general selfconstency is marked by the arrow crircle. The entangled arrows mark
the seperate but coupled selfconsistencies of transport theory and laser rate equations.

5.6.2 Numerics Procedure

Finally we want to summarize the procedure (see Fig. 5.4) which is used to gain the following
results. The start is to solve the coupled laser rate equations selfconsistently for appropriate start
conditions. By gaining the inversion nsof the laser active niveau we derive the effective gain of
the system , which is equal to the imaginary part of the dielectric constante eand incorporate it
in the selfconsistent solution of the above described transport theory including finite dimensions.
From the structure of the energy density ¢.. we derive the correlation length which leads us to
the selfconsistently calculated diffusion constant D. The diffusion processes and so the diffusion
constant regulates the photon number per laser active atom which finally rules the inversion gain.
So this process describes a selconstinecy process which includes two intrinsic selfconstint calculations
sybolized by the entangled arrows.
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5.7 Numerical Results and Discussion

In this section we finally present the numerical evaluations of our microscopic theory of random
lasing. Due to the vast numerical data and large number of relevant quantities, we structure this
section as follows: In the first part, subsection 5.7.1, we present numerical data for a system char-
acterized by parameters, which are typical for experiments with ZnO powder. All quantities will
be discussed in detail and also shown as function of the positional coordinate Z across the film. In
subsection 5.7.2, we discuss the behavior of the correlation length, as the various system parameters
are varied. And eventually, in subsection 5.7.3, we discuss the behavior of the diffusion constant as
the system parameters, such as film width, filling fraction, light frequency and scattering strength,
are changed. This last subsection will also reveal the influence of interference contributions on a
random laser system.

5.7.1 Film of ZnO at 50 % Filling

In this first subsection we discuss a random laser, described by parameters which are typical for
experiments. In particular, we chose Ree, = 10.4, i.e. ZnO, a filling fraction v = 50%, a frequency
of w/wg = 1.1 where wy = 2me/rg with the vacuum speed of light ¢ and the scatterer radius 9. The
sample width is set to be d = 40ry. The coordinate Z is measured in units of the sample width, and
pump rate is measured in units of the laser transition rate vs;.

At first, the obtained photon density as a function of Z across the sample is shown in Fig. 5.5.
For increasing pump rates the photon number increases strongly. In Fig. 5.6 the photon density
at the sample surface, i.e. at Z = 0.5d is displayed for increasing pump rates, for very large pump
rates and also large photon numbers, the graph changes to a linear behavior, as also reported in
experiments [28, 29].

The inversion density ny is displayed in Fig. 5.7 as a function of Z across the sample. Whereas the
self-consistently obtained optical gain Im €, is shown in Fig. 5.8. A direct comparison of the atomic
inversion no and the self-consistently evaluated gain Im e; as a function of Z across the sample
can be found in Fig. 5.9 for two typical, different pump rates. Additionally to difference in the
magnitude, the gain —Im €4 compared to the inversion displays a smaller slope towards the surface.

100
& 500
250
0 7 | | | | 7

|
-0.5 -0.25 0.25 0.5

0
Z [d]

Figure 5.5: The photon density ny, is displayed as a function of Z across the sample width for
pump rates P/ya1 = 3,4,5,6,7 in increasing order. The photon density represents the the number
of photons per laser active atom. An increase of the photon number with increasing pumping is
clearly observed.
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In Fig. 5.10, the correlation length £ of the random laser is displayed, also for different pump rates.
As explained above, the correlation length represents the average lateral extension within the (z, y)-
plane for different values of Z. The volume it represents is the average mode extension within the
film of ZnO. This is also illustrated in Fig. 5.11, where schematically the correlation volume of a
lasing mode in the finite random laser sample is contrasted with the previously in chapter 3 derived
correlation volume for infinite systems. The correlation length is measured in units of the sample
width d. A general decrease of the correlation length with increasing pumping is observed across
the sample. Furthermore, the correlation length assumes larger values, where the photon density is
higher, i.e. towards the center of the film.

In Fig. 5.12 we present the correlation length £ as a function of the pump rate, measured in units
of the transition rate 72;. The correlation length calculated by coupling the laser rate equation to
the microscopic transport theory of light in presence of gain, exhibits a decreasing behavior with an
increasing pump rate. To study the behavior of this decrease we plot the correlation length versus
the inverse square root of the pump rate, just as we had done it for phenomenological model in
chapter 4. The result is shown in Fig. 5.13. The blue line in Fig. 5.13 serves as a guide to the eye,
emphasizing the linear behavior of the correlation length in this plot. This clearly reveals an inverse
square root behavior of £ as a function of pumping above threshold.

After the discussion of the evaluated quantities directly concerning the lasing intensity, let us now
turn to the transport characteristics in such systems. In Fig. 5.14 we display the full, self-consistently
calculated diffusion coefficient D containing all interference effects as a function of Z across the
sample for various pump rates. The unit of D is rgc, where r( is the radius of the scatterers and ¢
is again the vacuum speed of light. With increasing pumping an increase of the diffusion coefficient
is observed. Close to the surfaces, diffusion is stronger. The reason for this is, that there, the
possibility for multiple scattering and also for forming closed loops is suppressed. Both processes
would tend to slow down the light propagation. Since they are missing however, light transport
speeds up. Additionally, close to the surfaces the optical gain is also stronger, because the photon
number is smaller there. This also tends to increase the diffusion constant.

In Fig. 5.15, we also show for completeness the bare diffusion coefficient Dy as a function of Z for
the same pump rates as in Fig. 5.14. The bare diffusion coefficient measures how fast a given mode
propagates within the sample and out of it given that no interference effects take place. The unit
of Dy is also rgc. A similar behavior of Dy as compared to D is found.

A detailed comparison of bare diffusion coefficient Dy (dashed line) and the full diffusion coefficient
D (solid line) as a function of Z across the sample width for a typical pump rate P = 3721 can be
found in Fig. 5.16.

Finally, the ratio D/Dy is displayed in Fig. 5.17. The ratio D/Dy measures the deviation of the
full diffusion constant including interference effects from a purely diffusive system with no Cooperon
contributions. Therefore providing a measure of the influence of interference effects (Cooperons)
on the transport in the system. With increasing pumping the ratio decreases, indicating a growth
of interference effects occurring in the system as the optical gain increases. The strong decreases
towards the surfaces is driven by the increase of Im €, as shown in Fig. 5.8. Roughly speaking,
the self-interference effects diminish the diffusion constant by 5% as compared to a purely diffusive
system.
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Figure 5.6: Photon density np, as a function of the pump rate, measured in units of the transition
rate y21, at the sample surface, i.e. Z = 0.5d. For large pump rates (and large photon numbers) the
photon number exhibits a linear behavior, as also reported in experiments [28, 29].
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Figure 5.7: The inversion density no is shown as a function of Z across the sample width for
pump rates P/ya1 = 3,4,5,6,7 in increasing order. The inversion density represents the number
of inverted atoms divided by the total number of invertible atoms, the width is measured in units of
the sample width, and pump rate is measured in units of the transition rate vys1. An increase of the
inversion density with increasing pumping indicates, that the gain is not saturated yet.
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Figure 5.8: We show the self-consistently obtained optical gain Im €5 as a function of Z across the
sample width for pump rates P/y21 = 3,4,5,6,7 in increasing order. The optical gain represented
by the imaginary part of the dielectric function of scatterers e translates the electronic or atomic
inwversion density into an amplification of light intensity in the disordered sample. An increase of
the optical gain with increasing pumping is observed, analog to the behavior of atomic inversion,
shown in Fig. 5.7.

0.05

0.04 0.2000000%- ' -

0.03
2]
w
E =
v 0.02
0.01

Figure 5.9: The direct comparison is drawn between the self-consistently obtained optical gain Im €4
(solid lines) with the corresponding calculated atomic inversion ny (dashed lines) as a function of Z
across the sample width. Black curves are evaluated for P = 1751 and the red ones for P = 5vys1.
In the inset we see the relation between both quantities which is almost perfectly constant.
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Figure 5.10: The correlation length £ is shown as a function of Z across the sample width for pump
rates P/v91 = 3,4,5,6,7 in increasing order. The correlation length represents the average lateral
extension within the (x,y)-plane for different values of Z. The volume it represents is the average
mode extension within the film of ZnO. Also compare with Fig. 5.11 below. The correlation length
is measured in units of the sample width d. A decrease of the correlation length with increasing
pumping is observed across the sample. Furthermore, the correlation length assumes larger values,
where the photon density is higher, i.e. towards the center of the film. The inset shows a better
resolution plot near the surface. We find that the correlation length shows an square dependence to
the depth in the sample as can be seen in the inset.
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(a) Slab geometry (b) Infinite media

Figure 5.11: Illustration of the correlation volume, described by €.

(a) Correlation volume of a diffusing/lasing mode within a random laser film. This cigar-shaped
volume connects the two surfaces of the sample and is described via the correlation length £(Z) within
the (x,y)-plane. Numerical evaluation are displayed in Fig. 5.10 above.

(b) In the case of an infinite medium the correlation volume of a lasing mode is a sphere with radius
Ryax as derived and discussed in chapter 8 and illustrated here.
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Figure 5.12: The correlation length & is displayed as a function of the pump rate, measured in units
of the transition rate 21, at the sample surface, i.e. Z = 0.5d. The sample width is set to be
d = 40ry, where 1( is the radius of the scatterers, the frequency is w/wy = 1.1 and the filling fraction
1s v = 50%.
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Figure 5.13: Correlation length & shown as a function of the inverse square root of the pump rate,
measured in units of the transition rate 721, at the sample surface, i.e. Z = 0.5d, c.f. Fig. 5.11.
The sample width is set to be d = 40rq, where 1y is the radius of the scatterers, the frequency is
w/wy = 1.1 and the filling fraction is v = 50%.

The blue line serves as a guide to the eye, emphasizing the linear behavior of the correlation length
in this plot. This clearly reveals an inverse square root behavior of & as a function of pumping above
threshold. We find a finite correlation length for unlimited pump strengths.
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Figure 5.14: The full, self-consistently calculated diffusion coefficient D 1is plotted as a function of
Z across the sample width for pump rates P/vs1 = 3,4,5,6,7 in increasing order. The diffusion
coefficient measures how fast a given mode propagates within the sample and out of it. The unit of
D is roc, where rq is the radius of the scatterers and c is the vacuum speed of light. The coordinate Z
is measured in units of the sample width d, and the pump rate is measured in units of the transition
rate vyo1. With increasing pumping an increase of the diffusion coefficient is observed. Close to
the surfaces, diffusion is stronger, because there the possibility for multiple scattering and also for
forming closed loops is suppressed. Both processes would tend to slow down the light propagation.
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Figure 5.15: Bare diffusion coefficient Dy as a function of Z across the sample width for pump rates
P/vo1 = 3,4,5,6,7 in increasing order. The bare diffusion coefficient measures how fast a given
mode propagates within the sample and out of it given that NO interference effects take place. The
unit of Dqy is roc. The coordinate Z is measured in units of the sample width d, and pump rate
is measured in units of the transition rate vo1. With increasing pumping an increase of the bare
diffusion coefficient is observed. Close to the surfaces, bare diffusion is stronger, because there the
possibility for multiple scattering is suppressed.
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Figure 5.16: We compare the bare diffusion coefficient Dy (dashed line) to the full diffusion coefficient
D (solid line) as a function of Z across the sample width for pump rates P/~v21 = 3721.
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Figure 5.17: The full and self-consistent diffusion constant D in units of the bare diffusion constant
Dy is displayed as a function of Z across the sample width for pump rates P/v21 = 3,4,5,6,7 in
increasing order. The ratio D /Dy measures the deviation of the full diffusion constant including
interference effects from a purely diffusive system with no Cooperons contributions. The sample
width is set to be d = 401, where 1 is the radius of the scatterers, the frequency is w/wy = 1.1 and
the filling fraction is v = 50%.

With increasing pumping the ratio decreases, indicating a growth of interference effects occurring in
the system as the optical gain increases. The strong decreases towards the surfaces is driven by the
increase of Im €5, as shown in Fig. 5.8.

Roughly speaking, the self-interference effects diminish the diffusion constant by 5% as compared to
a purely diffusive system.
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5.7.2 Behavior of the Correlation Length for Various System Parameters

In this subsection we discuss the behavior of the correlation length & as the various system parameters
are changed. The reference system to which we always compare is the one, presented in detail in the
previous subsection and characterized by the experimentally relevant parameters: Rees; = 10.4, i.e.
ZnO, filling fraction v = 50%, a frequency of w/wy = 1.1 where wy = 27e/ro with the vacuum speed
of light ¢ and the scatterer radius ry. The sample width is d = 40ry. The coordinate Z is measured
in units of the sample width, and the pump rate is measured in units of the laser transition rate
V21-

The first parameter to be changed is the width of the lasing film, which is relatively easily accom-
plished in experiments. In Fig. 5.18 and also in Fig. 5.19 we compare two systems one of width
d = 40rg, as explained above, and the other one at a larger size of d = 80ry. In Fig. 5.18, we show
the correlation length ¢ as a function of the pump rate, measured in units of the transition rate ~o1,
at the sample surface, i.e. Z = 0.5d. Whereas in Fig. 5.19 the same £ is now plotted as a function
of the inverse square root of the pump rate. In this graph one again clearly observes the inverse
square root decrease of the correlation length as a function of increasing pump rate. This is in this
particular plot indicated by the linear behavior for small P~%/2. The blue straight lines serve as a
guide to the eye, emphasizing the linear behavior of the correlation length in this plot, as discussed.
In general, one observes an increase of the correlation length at the surface with increasing film
widths, which is related to the fact, the correlation length tends to increase with increasing photon
number, as shown in Fig. 5.10. The larger the width, the larger is the photon density, because then
the surface to volume ratio decreases and hence the loss through the surfaces also decreases with
increasing width.

The next parameter to change is the filling fraction of the scatterers immersed in the host medium.
The corresponding comparisons are found in Fig. 5.20 and Fig. 5.21. The system is characterized
by the standard settings given above, except for filling fractions of v = 35%, 40%, 45%, 50%, 60%.
In Fig. 5.20 the correlation length as function of pump rate is shown, whereas in Fig. 5.21 the
same & is now displayed as a function of the inverse square root of the pump rate. A decrease of
the correlation length with increasing filling fraction is observed, while at the same time the inverse
square root decay can be observed for all filling fraction as seen in Fig. 5.21. It is to be noted, that
for increasing filling fraction close to and above values of v ~ 50% the change of £ becomes more
and more negligible. This behavior reflects the fact, that in this range the limit of densest-packing
of spheres is reached.

In Fig. 5.22 and Fig. 5.23, the random laser system is operated with two different laser light
frequencies, and the resulting correlation length is shown as function of pump rate Fig. 5.22, and
as a function of the inverse square root of the pump rate, Fig. 5.23. A decrease of the frequency
yields somewhat larger values of £&. The difference of the two curves is largest for small pump rates,
and also the onset of the linear behavior seems to occur at a different pumping. The difference of
the two frequencies is their position relative to a Mie-resonance and will become clearer in the next
subsection, discussing the behavior of the diffusion constant.

The last parameter which is changed in the random laser is the scattering strength of the individual
scatteres embedded in the host medium and hence forming the random medium. In Fig. 5.24 we
display the correlation length & as a function of the pump rate, measured in units of the transition
rate 721, at the sample surface, i.e. Z = 0.5d, as a comparison for real parts of the dielectric constant
given by €, = 10.4 (ZnO-reference) and e, = 9.0. And in Fig. 5.25, the same & is now displayed as
a function of the inverse square root of the pump rate. The rather large effect on the correlation
length can again be traced back to the behavior of the Mie-resonances, which change their position
as function of scattering strength. This is shown in Fig. 5.30 and Fig. 5.31 in the next subsection,
and will also be discussed there.
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Figure 5.18: Correlation length £ as a function of the pump rate, measured in units of the inverse
square root of the transition rate vs1, at the sample surface, i.e. Z = 0.5d. The sample width is
set to be d = 40rq (black line, also displayed in Fig. 5.12) and d = 80rq (red line), where ro is
the radius of the scatterers, the frequency is w/wg = 1.1 and the filling fraction is in both samples
v = 50%.
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Figure 5.19: Correlation length £ as a function of the inverse square root of the pump rate, measured
in units of the inverse square root of the transition rate v21, at the sample surface, i.e. Z = 0.5d,
c.f. Fig. 5.17.

The blue lines serve as a guide to the eye, emphasizing the linear behavior of the correlation length
in this plot. This clearly reveals an inverse square root behavior of & as a function of pumping above
threshold.
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Figure 5.20: The correlation length & is shown as a function of the pump rate, measured in units of
the transition rate o1, at the sample surface, i.e. Z = 0.5d. The filling fraction is changed from
v =35% up to v =60% as indicated in the legend. The reference data for v = 50% have also been
presented above in Fig. 5.12.
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Figure 5.21: The correlation length £ is displayed as a function of the inverse square root of the pump
rate, measured in units of the transition rate 21, at the sample surface, i.e. Z = 0.5d, c.f. Fig.
5.20. The filling fraction is changed from v = 35% up to v = 60% as indicated in the legend. The
reference data for v = 50% have also been presented above in Fig. 5.12. The linear behavior found
here for small P~/ reveals the inverse square root decay of the correlation length as a function of
mcreasing pump rate.
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Figure 5.22: Correlation length & as a function of the pump rate, measured in units of the transition
rate o1, at the sample surface, i.e. Z = 0.5d. The sample width is set to be d = 40ry, where rq is
the radius of the scatterers, the frequency is chosen as w/wy = 1.1 and 1.0 respectively as indicated
in the legend. For both systems the filling fraction is v = 50%. The reference data for w/wy = 1.1
have also been presented above in Fig. 5.12.

Figure 5.23: Correlation length £ as a function of the inverse square root of the pump rate, measured
in units of the inverse square root of the transition rate o1, at the sample surface, i.e. Z = 0.5d,
c.f. Fig. 5.22. The sample width is set to be d = 401y, where 1y is the radius of the scatterers, the
frequency is w/wy = 1.1 and 1.0 respectively as indicated in the legend. For both systems the filling
fraction is v = 50%.
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Figure 5.24: Correlation length £ as a function of the pump rate, measured in units of the transition
rate Y21, at the sample surface, i.e. Z = 0.5d. The sample width is set to be d = 40ry, where rq is
the radius of the scatterers, the frequency is chosen as w/wg = 1.1. The real part of the dielectric
function of the scatterers is chosen as €, = 10.4 (Zn0O) and as es = 9.0 respectively as indicated in
the legend. The filling fraction is v = 50% for both systems. The reference data for e; = 10.4 have
also been presented above in Fig. 5.12.
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Figure 5.25: Correlation length € as a function of the inverse square root of the pump rate, measured
in units of the transition rate y21, at the sample surface, i.e. Z = 0.5d, c.f. Fig. 5.24. The sample
width is set to be d = 40ry, where ¢ is the radius of the scatterers, the frequency is w/wg = 1.1. The
real part of the dielectric function of the scatterers is chosen as €, = 10.4 (Zn0O) and as €, = 9.0
respectively as indicated in the legend. The filling fraction is v = 50% for both systems.
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5.7.3 Behavior of the Diffusion Coefficient for Various System Parame-
ters

In this subsection the discuss the behavior of the self-consistently calculated diffusion constant D
for a random lasing system of finite width as the various system parameters are changed. The
reference system to which we always compare is the one, presented in detail in the first subsection
and characterized by the experimentally relevant parameters: Rees; = 10.4, i.e. ZnO, filling fraction
v = 50%, a frequency of w/wy = 1.1 where wy = 2w¢/ry with the vacuum speed of light ¢ and the
scatterer radius rg. The sample width is d = 40ry. The coordinate Z is measured in units of the
sample width, and pump rate is measured in units of the laser transition rate ~yo1.

The first parameter to be changed is again the width of the lasing film, which is relatively easily
accomplished in experiments. In Fig. 5.26 and also in Fig. 5.27 we compare two systems one of
width d = 407, as explained above, and the other one at a larger size of d = 80ry.

In Fig. 5.26, we show the full, self-consistently calculated diffusion coefficient D as a function of
Z across the sample width for a typical pump rate of P/y2; = 2. Whereas in Fig. 5.27 the full
and self-consistent diffusion constant D in units of the bare diffusion constant Dy is displayed, i.e.
the ratio D/Dy, as a function of the coordinate Z across the film width, Z is measured in units
of the film width d. The diffusion coefficient measures how fast a given mode propagates within
the sample and out of it, and can experimentally measured. Here the unit of D is rgc, where rq
is the radius of the scatterers and c¢ is the vacuum speed of light. The ratio D/Dy measures the
deviation of the full diffusion constant including interference effects from a purely diffusive system
with no Cooperons contributions. Fig. 5.26 shows that with increasing sample width, the diffusion
coeflicient remains practically unchanged, since the relative change observed in the graph is of the
same order as the accuracy, involved in the numerical evaluation, i.e. 107°. Also the ratio D/Dj,
Fig. 5.27, remains practically unchanged when the size of the lasing film is doubled. This had to
be expected since the diffusion is mainly governed by bulk properties, which of course are invariant
under a change of system size. This however is in contrast to for instance the correlation length,
which changes significantly, as the system size changes.

The next parameter to change is the filling fraction of the scatterers immersed in the host-medium.
The corresponding comparisons are found in Fig. 5.28 and Fig. 5.29. The system is characterized
by the standard settings given above, except for filling fractions of v = 40% and v = 50%. In Fig.
5.28 the full, self-consistently calculated diffusion coefficient D as a function of Z across the sample
width for pump rate P/y2; = 2 is shown. With increasing sample width, the diffusion coefficient is
decreasing, which is due to the increasing amount of multiple scattering in the more densely packed
system. In Fig. 5.29 the ratio D/Dy is displayed for the same system. As discussed above, also
the ratio D/ Dy decreases with increasing filling fraction v. Since the stronger scattering also favors
interference effects. Therefore the localization effects, i.e. Cooperon contributions, are enhanced.
This is again in contrast to the behavior of the correlation length in Fig. 5.20, which is only weakly
affected by a change in the filling fraction.

The next parameter we wish to study is the light frequency w. To this end, we first present in
Fig. 5.30 the full diffusion coefficient D as a function of light frequency for the two scattering
strengths €, = 10.4 and ¢, = 9.0 as needed below and also presented in the previous subsection.
Furthermore, in Fig. 5.31 we show the diffusion coefficient D in units of the bare diffusion constant
Dg which reveals the amplifying character of the Mie-resonances on the Cooperon contributions, i.e.
localization effects are enhanced. Additionally, the two frequencies w/wy = 1.0 and w/wy = 1.1 are
indicated at which the random laser will be operated. In both graphs, the Mie-resonances and their
decreasing influence on the diffusion constant is clearly visible. These graphs serve as reference for
the lasing systems below.

Fig. 5.32 shows the diffusion coefficient D of the random laser comparing frequencies w/wy = 1.1 and
w/wy = 1.0. With a lower frequency, i.e. a frequency which is closer to an internal Mie-resonance,
the light propagation is slowed down since light now remains partially trapped in such resonances
as illustrated in Fig. 5.31. Fig. 5.33 demonstrates, that the interference effects are the stronger
increased the closer the light frequency is to the resonance. The effects originating from interference
phenomena are more than a factor of 4 stronger for w/wg = 1.0.

The last parameter which is changed in the random laser is the scattering strength of the individual
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scatteres embedded in the host medium and hence forming the random medium. In Fig. 5.34 and
Fig. 5.35 we display the diffusion coefficient D ( D/Dgy ) as a function of Z across the sample
width for pump rate P/y21 = 2 as a comparison for real parts of the dielectric constant given by
Rees = 10.4 (ZnO-reference) and Ree; = 9.0. The rather large influence of D and D/Dy when
changing Re ¢, is solely due to the fact that the Mie-resonances shift as the scattering is changed, and
therefore by comparing the same frequency for both systems results in one off-resonant measurement
and in one resonant measurement. That explains the observed behavior. With decreasing e, in Fig.
5.34, the position of the internal Mie-resonances is changed along the frequence axis. This effect
is illustrated above in Fig. 5.31. Therefore the light propagation is slowed down since light now
remains partially trapped in such resonances.
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Figure 5.26: The full, self-consistently calculated diffusion coefficient D as a function of Z across
the sample width for pump rate P/y21 = 2. The sample width is set to be d = 40rg and d = 80r¢
respectively as indicated in the legend, where ro is the radius of the scatterers. The reference data
for e =10.4 (ZnO) have also been presented above in Fig. 5.14.
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Figure 5.27: The full and self-consistent diffusion constant D in units of the bare diffusion constant
Dy is shown as a function of Z across the sample width for pump rate P/v2; = 2. The sample width
is set to be d = 401y and d = 80r( respectively as indicated in the legend , where ro is the radius of
the scatterers. As discussed in the text, also the ratio D/Dgy remains practically unchanged, since the
relative change observed in the graph is of the same order as the accuracy, involved in the numerical
evaluation. This implies that interference effects do not change as a function of the sample width.
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5.7.4 Different Filling Fractions
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Figure 5.28: The full, self-consistently calculated diffusion coefficient D is displayed as a function
of Z across the sample width for pump rate P/yz1 = 2. With increasing sample width, the diffusion
coefficient is decreasing, which is due to the increasing amount of multiple scattering in the more
densely packed system. The reference data for e = 10.4 (ZnO) have also been presented above in
Fig. 5.14.
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Figure 5.29: Full and self-consistent diffusion constant D in units of the bare diffusion constant
Dy as a function of Z across the sample width for pump rate P/vy2; = 2. The filling fraction is
v =50% and v = 40% respectively as indicated in the legend. As discussed in the text, also the ratio
D /Dy decreases with increasing filling fraction v, since a stronger scattering also favors interference
effects.




5.7. NUMERICAL RESULTS AND DISCUSSION 79

Different Light Frequencies w

2 - —
I i
LC>
— 17 1
a)

0 |

04 0.6 0.8 1 1.2
wlmo

Figure 5.30: Full, self-consistently calculated diffusion coefficient D in units of the bare diffusion
constant Do for pump rate P/v21 = 0 as a function of light frequency. The Mie-resonances and
their decreasing influence of the diffusion constant is clearly visible. This graph serves as reference
for the lasing systems below.
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Figure 5.31: Full, self-consistently calculated diffusion coefficient D for pump rate P/y21 = 0 as a
function of light frequency. The red and blue line represent the frequencies w/wo = 1.0, w/wg = 1.1
respectively, at which the lasing system has been evaluated in the following. The frequency w/wy = 1.0
is located within the Mie-resonance, whereas the w/wy = 1.1 is off-resonance. This black graph serves
as reference for the lasing systems below. The displayed green line for e, = 9.0 will be discussed
below, please note here that at frequency w/wy = 1.1 the interference contributions are stronger as
compared to the ZnO system with €; = 10.4, an effect which is purely due to the different position
of the Mie-resonances along the frequence axis.
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Figure 5.32: The full, self-consistently calculated diffusion coefficient D is displayed as a function
of Z across the sample width for pump rate P/vs = 2. The light frequency is w/wy = 1.1 and
w/wy = 1.0 respectively, as indicated in the legend. At the lower frequency, i.e. a frequency which
is closer to an internal Mie-resonance, the light propagation is slowed down since light now remains
partially trapped in such resonances. This effect is illustrated above in Fig. 5.31. The reference data
for w/wo = 1.1 have also been presented above in Fig. 5.14.
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Figure 5.33: The full and self-consistent diffusion constant D in units of the bare diffusion constant
Dy is shown as a function of Z across the sample width for pump rate P/y21 = 2. The light frequency
is w/wo = 1.1 and w/wg = 1.0 respectively, as indicated in the legend. At the lower frequency, i.e.
a frequency which is closer to an internal Mie-resonance, c.f. Fig. 5.31, an increase of interference
effects is observed from roughly 4.8 % up to ca. 20.0 %. The effects originating from interference
phenomena are therefore more than a factor of 4 stronger.
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Figure 5.34: Full, self-consistently calculated diffusion coefficient D as a function of Z across the
sample width for pump rate P/~s1 = 2. The real part of the dielectric function of the scatterers is
chosen as €5 = 10.4 (Zn0O) and as €5 = 9.0 respectively as indicated in the legend.
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Figure 5.35: The full and self-consistent diffusion constant D in units of the bare diffusion constant
Dy is shown as a function of Z across the sample width for pump rate P/vy2; = 2. The real part of
the dielectric function of the scatterers is chosen as €, = 10.4 (Zn0) and as e; = 9.0 respectively as
indicated in the legend. As discussed in the caption of Fig. 5.34, also c.f. Fig. 5.31, the strong effect
is due to a smaller a distance between the light frequency and the Mie-resonance. With decreasing
frequency offset due to a different dielectric function, an increase of interference effects is observed
from roughly 4.8 % up to ca. 10.5 %. The effects originating from interference phenomena are
therefore more than doubled.
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5.8 Conclusion

We presented in this chapter a theoretical and microscopic model of random lasing. Our theory is
based on the coupling of the semi-classical laser rate equations describing the atomic population
inversion to the microscopic theory of light transport in the presence of optical gain. This transport
theory has been developed here for a system of finite size, resembling an infinitely extended film
geometry, i.e. finite in one spatial dimension but infinite within the plane of the film.

This model represents the logical combination of the work we presented in chapters 3 and 4. Com-
pared to chapter 3, we took into account the finite size of the system, which provides intensity
loss through the surfaces as well as an appropriate theory of laser behavior in terms of the laser
rate equation for a four level laser system. In contrast to chapter 4, we now considered the correct
microscopic description of light intensity transport in such systems.

Therefore we establish a fully self-consistent treatment, of both the transport characteristics via
the self-consistent diffusion coefficient including of course also interference contributions on the one
hand, and the fully self-consistent coupling of this intensity transport to laser rate equations.

Of particular interest to us is the stationary laser behavior where the constant and isotropic external
pumping and the emitted light intensity establish a balancing. For this case we showed that the
corresponding microscopic energy-density correlation function always behaves causal as it must.
This fact is due to intensity loss through the samples surface, which therefore stabilizes the lasing
mode. This means that photon density which is generated within the sample via pumping and
amplification, is balanced by the loss of intensity thru the surfaces of the sample. Therefore the
photon density in the sample remains finite at all times. The second major result in this section is
the calculation of the correlation function, describing the spot size of the lasing modes. We find that
the spot size decreases with increasing pumping according to an inverse square root behavior. This
decay of the spot size is in qualitative and even quantitative agreement with experimental data.




Chapter 6

Summary

This thesis is divided in three parts which lead in sum to the description of a Random Laser. First
we developed a transport theory for light in disordered media. This theory is based on a description
of Vollhardt and Wolfle for electrons and it is valid for infinite translational invariant bulk material.
But this description is actually only for certain assumptions valid for the description of a random
laser. This point is discussed in the second part of the thesis. Here a diffusive system coupled to
four-level laser rate equations is solved self-consistently. Finally a self-consistent transport theory
for specimens of finite size is developed and coupled to the laser rate equations. Solving this system
self-consistently includes that the intrinsic gain is also calculated self-consistently and not included
by an external parameter. All three parts of this thesis give (valid in their regimes) striking evidence
to the size of the correlation length and thus the lasing volume, which has been compared to the
experimental determined spot size. We find an inverse square root decay of the correlation length.
Additionally we derive a linearly increasing photon number well above the lasing threshold by
solving this theory. These results show, that the theory is capable of describing the random laser
experiments. Finally our calculations show the importance of the interference effects for the onset of
lasing. We see that the Cooperons contribute the more the frequency approaches the Mie-resonances.
This is an important remark in the discussion whether localization is or is not important for the
onset of random lasing.
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Appendix A

Dyson Equations

In 3 dimensional media the following general relations hold
G(7 27 2 w) = Go(F, 27, 2" w) (A1)
/drl/drgG (7, z; o, 295 W) X (T2, 22; T3, 23; W)
X G (73,237, 2" W)

Since all the above functions are averaged quantities, they are translational invariant so that one
can write

(F—7" 2z — =Go(F—7"2—2";w) + (A.2)
/dn/dzl/drg/szG Zl;CU)E(Fl —FQ,leg;w)
XG(Fy — 7' 290 — 2" w)

Furthermore, usually one assumes a local selfenergy, i.e. (7 —74, z120; w) = X(w)d(7 —72)0(21 — 22)
which is then momentum independent in momentum space:

(F=7"2,2"w) = Go(F—7",2z,2";w) + (A.3)
/drl/dzl/drg/dzzG F—1,2,21;W)
XB(w)d (71 — 72)0(21 — 22)G(Fo — 7', 20,25 w)

Therefore the integrals regarding i, and z; can be solved resulting in

(F—rz—2"w)=Go(F—7",2—2";w) + (A.4)
/drg/dZQG — 205w) N (T2, 22)G(Ty — 7,20 — 25 w)

For the not averaged Green’s function, we obtain from the wave equation the following relation

(7,27, 2 w) = Go(F, 27, 25 w) + (A.5)
/dTQ/dZ2G0 7, 23T, 225 w)0 (P, 22; W) G(Fa, 2257, 25 w)
where the shorthand notation for the “scattering potential” o (7%, z2; w) has been introduced accord-
ing to
2

o (2, z2;w) = —(€0 — €(72, 22))0;)72 (A.6)
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Taking the disorder average of the above Dyson equation, Eq. (A.5) we arrive at

(G (727, 2w) = GolF, 27, 2 w) + (A7)
/drg/dngo 7, 257, 203 w)(0(Fa, 22, w) G (Fa, 22, 7', 25 w))

where (...) denotes the disorder average. Comparing this result, Eq. (A.7), with the above Dyson
equation for disorder averaged Green’s function G, Eq. (A.4), we obtain the relation

(0(F, 223 w)G (T, 2277, 2" w)) = /d""lz(F%Z%FlaZl;‘*})G(FlaZl;F/aZ/;W)
(A.8)
Now let us return to the wave equation for the not disorder-averaged Green’s function for the
particular film-geometry, i.e. from here on the translational invariance in z-direction is explicitely
broken

02402+ 02+ 202 — 6(7,2))G(F, 7', 25 w) = 6(F — 7')3(z — 2). (A.9)

Taking here the disorder average of Eq. (A.9), we obtain
(0(7, 2)G(F, 27, 2 w))

= §(F—7")0(z—2) (A.10)
With the above identification as derived in Eq. (A.8), this may be written as

(02 + 05 + 02 + 5w (G(, 2,7, 2/sw))

(32+32+32 b WHG(F — 7, 2,2 w)

/drl/dz12 1,21;w)G(71, 21,7, 2 w)

o7 — z—2) (A.11)
where we used G(7— 7', z,2';w) = (@( ,7’,2';w)). Now we use again the local approximation for
the self-energy, i.e.

(7 27, 213w) = Z(w) - 0(F— 71)d(z — 21) (A.12)

and take the Fourier transform of Eq. (A.11), we eventually arrive at

(cb W= @+ 090G (7, 2,75 w) — B(w)G(F, 2, 2";w) = 6(2 — ) (A.13)

or equivalently at the expression

(2w — ¢~ S(w) + G722 sw) = 8(2 — ) (A.14)
C

This equation, Eq. (A.14), may be used to define an operator, which is the inverse of (% N
> (w) + 82). This operator defined as G(, z, z'; w) may then be written as

5(z—2")
¢* = %(w) + 02

Since the context in which the Green’s function operator appears is always uniquely determining
whether G((j’, z,7';w), Eq. (A.15), or rather G(q, 2,2 ;w), Eq. (A.14), is meant, we subsequently
will use the notation G(q, z, 2";w) = é((j, z, 2 w).

The position space representation of the above Operator G(q, z, 2’;w), Eq. (A.15), may analytically
be found by explictly solving the above differential equation, Eq. (A.14). The solution is presented
below.

G(d,2,25w) =

G (A.15)




Appendix B

Disorder Averaged Full
Single-Particle Green’s Function

The free Green’s function Go(7, z;w) is defined by

(02 + 02+ 02+ L) Go (7, 27!, 25 w) = 6(F — 7')8(2 — 2') (B.1)
C

which can be written

(—¢* + 92 + Z—gch)Go(cf, 22 w) =6(2 —2') (B.2)

Also relevant to us is Go(¢, 2, z; w) obeying

€
(—¢* + 92 + C—gch)Go(cf, z,zw) =1 (B.3)
Therefore we can write for the operator Gal(cf, Z,2;w)

[ N €
G (3. z5w) = (5w’ —¢* +02) (B4)

On the other hand Eq. (B.3) can be written as

— € —
02Go(d 2, 25w) = 1= (5w’ — ¢*)Go(d, % %) (B:5)

This differential equation has the general solution

o 1
Go(q, 2z, z;w) = G P10 (B.6)

C2

. €b

+cq sin (z C—2w2 - q2>
€p

+co cos <z C—sz - q2)

In Eq. (B.5) the coefficient of Gy on the r.h.s. is independent of z, i.e. the curvature is fixed,
hence it follows that as boundary conditions only the value of Gy at the boundaries z = +d/2
can be chosen (Dirichlet boundary conditions). In the following we will always consider symmetric
conditions w.r.t. z, therefore we require
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Go(q,z =+d/2;w) =R (B.7)

where the value of R will be specified later. With such boundary conditions, the Green’s function
Go(q, z;w) is calculated to be

L 1
Go(q, 2, zw) = G2 2100 (B.8)
N (R 1 ) cos (z1/%w? — ¢?)
Bw? — ¢ +i0 ) cos (d/2 - \/Fw? — ¢?)

The same line of arguments applies also to the case of the disorder averaged full Green’s function
G(q, z;w), which contains the selfenergy X (w). The detailed discussion regarding the full disorder
averaged Green’s function is presented below and justifies the following.

In conlusion, we find for the disorder-averaged single particle Green’s functions the following ex-
pressions

Gl @zmzw) = (G’ —¢*+92) (B.9)
GN@zmzw) = (G ¢ - Sw) +92) (B.10)

and for z—coordinate space representation of these Green’s function operators, we find, as discussed
in detail above, the following expressions

1
GG 2w) = B.11
O(Q,Z,Z,W) %w27q2+7/0 ( )
N (R 1 ) cos (z1/%w? — ¢?)
Bw? — ¢ +i0 ) cos (d/2 - \/Fw? — ¢?)

as well as
1
G(q,zzw) = B.12
(4,2, 20) G0’ — ¢ —S(w) ( )
n <R 1 > cos (z\/Z—SwQ—qQ—Z(w))
$w? — ¢ —X(w) ) cos (d/2- /FBw? — > — X(w))
Please note that G(q, z, z;w) determines the local density of states N(w, z), the so-called LDOS, of
the system via the relation

N(w,z) = wlm /éﬂ?ﬂzG(cf, Z,2;w). (B.13)

B.1 Analytic Calculation of G(7,7")

This section is concerned with the analytical calculation of the disorder averaged full single-particle
Green’s function G(q, z, 2’;w). As seen above the position space representation of the full Green’s
function is obtained by solving the equation

(507 =@+ 02)G(3,2,7'5w) = ZW@)G(@.2,21w) = 3(z = ) (B.14)
Rewriting
(Z—ng . Z(w)) G(q, 2,7 w) +0°G(q, 2,7 ;w) = 6(2 — 2) (B.15)
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D2G(q, 2,2 ;w) = 6(2 — &) — (Z—Zw2 — ¢ - E(w)) G(q, 2,7 w), (B.16)

we recognize this as a differential equation, which is to be solved using boundary conditions of the
Dirichlet type, i.e. we have to specify the following (symmetric) boundary conditions

G(z:—l—g) =R Gz = —g) ~R (B.17)

where d is the width of the sample and the explicit value of R, the value of the Green’s function at
the surface, will be specified later.

We start the solution by first considering the case z # 2/, where the delta-function does not con-
tribute. There, the differential equation reduces to

D2G(q, 2,2 ;W) + [Z—gwg . E(w)} G(q,z,2";w) = 0. (B.18)

The solution is obviously given by

G(G, 2,2 w) = Acos W[Zng - E(w)}z)

+Bsin (\/ [Z—guﬂ - Z(w)} z) (B.19)

with coefficients A and B to be determinded by the boundary conditions. These coefficients will, of
course, be functions of (2/,¢,w), i.e.

A= A(Z, qw) and B = B(¢,qw). (B.20)

The two regimes with z < 2’ and z > 2’ will be treated separately, the reason for this will become
clear below. Strictly speaking we therefore start with an ansatz

C cos (vaz) + Cysin (VVaz) z <2
G(q, 2,7 ;w) = (B.21)
C5 cos (vaz) + Cysin (yVaz) z>7

where the abbreviation a = [Z—ng —q* - E(w)] has been introduced together with the coefficients,
still to be determined, C1, Cy, C3 and Cjy.
For z < 2’ we find the boundary condition at the lower bound z = —

G(q, 2z = fg,z’;w) = C cos <\/[Zgw2 —q% - E(w)} (;))
d
2

+Cy sin <\/ [%’w - E(w)} (- )) (B.22)
- R (B.23)

R= Ci cos <\/[Z’;w2 . E(w)} g)

Oy sin <\/[Zgw2 p* Z(w)] g) . (B.24)

The case G(q,z = g, z';w) = R is not to be considered, since we required z < z’ and for z = g, ie.
z at the upper boundary, 2z’ will not be within the allowed interval of z-values.
Considering the second regime z > 2’, we find the boundary condition at upper bound

S VR € o2 2 d
G(q,2—+2,z,w)— C3cos<\/{c2w —q —Z(w)}2

+Cy sin (\/[Zng — - Z(W)} ;l) (B.25)
- R (B.26)

[SJISH

or in a clearer form
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or again rewritten

R= O cos (\/[Zng - Z(w)} ;l)

O,y sin <\/ng2 L E(w)} ‘;) (B.27)

—%, Z';w) = R is again not to be considered, since we required z > 2’ and for
z = —%, i.e. z at the lower boundary, z’ will not be within allowed interval of z-values. This is in
complete analogy to the above.

So far, we have two equations, Eq. (B.24) and Eq. (B.27), for the four unknown coefficients
Ch CQ, 05 and 04.

The third equation is obtained by requiring that the Green’s function ought to be continuously at
z = 72/, i.e. we have to require

Cs cos (\/[Z;’wz . E(w)} z) + Cysin (\/[Zng . z(w)]z/>

_ (B.28)

C1 cos (\/[Zguﬂ - E(w)} z'> + Cysin (\/E’;w? - Z(w)]z/)

The fourth and final equation regards the discontinuity of the first derivative of G(¢, z, z’;w). To
find this condition we go back to the defining differential equation in Eq. (B.16) and integrate this
equation over z from 2z’ — € to 2’ + ¢, where € is a small positive quantity, and taking the limit ¢ — 0

The case G(¢,z =

z'+e z'+e
lim dz0°G(q, 2,7 ;w) = lim dz8(z — 2') (B.29)
i 2 +e d €& o ) . o - .
_6% . z (?w —q — (U))) ((szz 7(“"))’
which yields
0.G(q,2 +¢€,2';w) —0.G(q, 2 —¢,2;w) =1 (B.30)

because the second term on the r.h.s. of Eq. (B.29) vanishes in the limit e — 0 since it becomes an
integral over a single point. The first term on the L.h.s of Eq. (B.30) clearly refers to the regime
z > 2/, where as the second term on the Lh.s. refers to the case z < 2. Therefore Eq. (B.30)
constitutes the fourth condition on the coefficients, which reads

_\/[Zng ~ ¢~ $(w)| Gy sin <\/[Z’;w2 )] 2)
+\/[Zgw2 ~¢? = £()] Ci cos Mzgw )] Z>
_ {_\/ngz ¢~ ()| Casin (\/[Z’;uﬂ —q - E(w)}z’>
+\/[Zng — g2~ 5(w)] G cos (\/[Z’;uﬁ )] Z’>}

=1 (B.31)

or equivalently the fourth condition on the four coefficients reads
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—Cl3sin <\/ng2 —q% - E(w)} z') + Cy cos (\/[ZZWQ — ¢ - Z(w)} z’)

+C sin <\/ng2 —¢% - E(w)} z') — Cycos (\/[Zguﬂ — ¢ - E(w)} z’)

_ 1 (B.32)
V& — ¢ = 5)

Hence the four coefficients C;(2',q,w), Ca(2', q,w),C5(2', q,w) and Cy(z’,q,w) are related by the

four equations Eqs. (B.24), (B.27), (B.28) and (B.32). The rather lengthy solution of this system
of equations can be done and yields the following results.

[\
S
=
+
@,
=
H
B
EN
SN—

Ci(7,qw) = (B.33)

(

. r_d

Co(7,qw) = sin (v (= 42)) (B.34)
2

C3(7,qw) = : (B.35)

Cy(7',q,w) (B.36)

With the above calculated coefficients C(2', q,w), Ca(2', q,w), C3(2', ¢,w) and Cy(2’, q,w) the full
Green’s function for light waves propagating within the disordered slab geometry is finally deter-
mined as

Cy (7, q,w) cos (vaz) + Co(2', q,w) sin (v/az) z <z
G(q, 2,72 w) =
C3(2,q,w) cos (vaz) + Cy(7', q,w) sin (v az) z> 2
(B.37)

with coefficients as shown in Eqgs. (B.33-B.36), furthermore we used again the shorthand notation
a= [Z—ng . — E(w)].
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Appendix C

Two Particle Green’s Function -
The Intensity Correlator

Here we want to consider the expression for the intensity (EE*), expressed in terms of single-particle
Green’s functions, where (...) refers to the disorder average. This uses the relation between the
electric field and the Green’s function as given by

E(F,z;w) = /dr’ / dZ'G(F 277, 2 w) (7, 2 w). (C.1)
where the current j (7, 2’; w) represents the source of the field E as described by Maxwell’s equations.

Therefore the intensity correlation (EE*) reads

(7, z;w)E* (7', 2" w) (C.2)

/d'f'///dzu/drl///dz/l/ —*// Z//;W)G*(F/,Z/;F/N,ZIN;(U/)

Xj(F,l7 Z”; W)j*(F/,l, Z”,; w/))

and finally by utilizing the fact that the sources do not depend on the particular disorder realization

E(F,z;w)E* (7', 2';0) (C.3)
/dr///dz///d,r////dz/// —* )G*( / /,’7/// Z”I'w/)>
><j(—'l/,Z//;('L))j>|<(7—,-‘/ll,Z///;u}/)
From these considerations it becomes clear to define the disorder averaged two-particle Green’s

function I' as

1—\(77’ 77”,F/,F///;Z,Z//7Z/,Z///;w,w ) <C~TV(T—' —' )G*( l / Fl/l7zlll;wl)>

(C.4)

For later use, we calculate at this point the Fourier transform of I', where we use the partial Fourier
transform within the (x,y)-plane only, as defined in above

d2q d2 q// d2q/ d2q///
1’1 —»7 —// —'I7 —'///; , //’ /7 ///; , ! — / / / /
(7" T T 2 2 2 2w W) an)? on)? on)? )2

= . —‘/// 4///
T —ig’ 7 +zq

e e
(G(@ %", 2w G (@ 257", 2" w)) (C.5)

93



APPENDIX C. TWO PARTICLE GREEN’S FUNCTION -
94 THE INTENSITY CORRELATOR

where we identify

D(G.q",q 5" 22" 2 2 s w,0) = (GG % 7", 5 w0) G, 257 2 w))
(C.6)

Observing that the disorder averaged quantity within the (z,y)-plane is clearly translational invari-
ant, we can further write, by extracting the corresponding delta function,

F(—' =/l = =/

4.q",q',q"; 22", 2" w,w") = (C.7)
(271’)25( —»// +(]H/)F((T, q—»//’(j/ (TW 2, Z Z Z w’w/)

From this result it becomes advisable to introduce new momenta by the relations

d = q-q (C8)
Q’/ — (j»// *‘T”/ (Cg)
. 1, .
po= S+ (C.10)
. 1. .
p/ — §(q//+q///) (C'll)
The inverse transformation is then given by
- Lo 1=
q = p+ §Q (C.12)
. I
¢ = 7-3Q (C.13)
1~
—// — ﬁ/'i' 5C)/ (C14)
1~
qo/// — —’ 5@’ (015)
By using the above transformation given in Egs. (C.8)-(C.11), we can rewrite Eq. (C.3)
E(F, z;w)E* (7, 2; W) (C.16)
/drl//dzll/drlll/dzlll/ / d2 ! / d2Q /dQQ,
(2m)? ) (2m)?
XeJr%(erQ/2 o5+ Q" /2) 7" =i~ Q/Q) - +l(ﬁ'*Q /2)7""
x(2m)*6(q = q" — @'+ q")0(@.q",q", 7" 2, 2", 2 2w, W)
xO(F" — 762" = 2" I (P2 (C.17)
where we have used
j(F”,Z”;w)j*(FHI,ZH/;w/) — 5(77// _ F/H)(S(Z// _ z///)J(F//’ Z”). (018)

By integration we obtain

(B(F,z;w) E*(7,2";w") / ”/ /d2 i /((;jr? (C.19)

—

Xe—i—zp (F—7") —zQ/Q 7 )F (Q’l!/ 2, S Z Z ‘W w)J(Q,z”)




95

In analogy to the transformation in momentum space shown in Egs. (C.8)-(C.11), we now define a
similar transformation with respect to the
temporal coordinates, i.e. the frequencies according to

&

Il Il

Tl
| &

s +
— E\
a a
o b
= 2

with the corresponding inverse transformation

Q (C.22)
Q (C.23)

Using the above defined transformation we may eventually find

( E(F,z;w+ Q)E*(r Ujw — %» = (C.24)

2
/d /// : / = / R o TP (F=7") o —iQ/2:(F+7)
(2m)2 ] (27)2

X (Q, 2, 2" u, 2 Q)J(Q, 2"

Therefore we will consider in the following only the two-particle Green’s function Iy , (Q; 2, 2 u,u"; Q).
It can be shown, see Appendix C, that this quantity obeys the following equation, the so-called
Bethe-Salpeter equation

P2 (@02, 2w = Gt (Q,9:2,2) (G57) (@ su,)
X [(5 (P—7p") (C.25)

/ I// //// /// I/I/(i2 //
dz dz du du

X G (G, 2 )(G“’ (@, s, u")Ve (G, 0 2 2 )

XU, (@, 2" 2, u’)]

introducing the so-called irreducible vertex function vy, (Q, Q; 2" 2" a” W),

Since in all applications the correlator with a single starting point appears, we set z’ = u/ and call
this point s in the following. Furthermore, we use now center of mass and relative coordinates for
z as well, for example

Zz = % Az =z —u (C.26)
VAREES # A" =2 = (C.27)
z" = Sl —; u” A" =" — (C.28)

Using the abbreviation Z4 := 7 £ Z etc., we can eventually write
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F;p,(@,ﬂ; Z,i,8,7_,8) = G;’I(@,Q; Z4,5) (G;’:) (Q,Q;Z,,s)
x [5 (ﬁ—ﬁ/)+/dZ”/dAz”G;j(Q,Q;ZJF,Zi) (G;;)*(Q’,Q;Z,,Zﬁ)

X/dZ/”/dAZW/dZPN
2

X’Y;)p”(Q_'7 Qv Z”,Zi’; ZZ? ZZ/) ;))”p’(Q_)v Qa ZN,? 53 ZZ/’ S)

In a last step we will employ a Fourier transformation with respect to Az, i.e. we use the transfor-
mation

F;p,(Q,Q;Z,s;Z, s) :/Azexp (ip.A2) F;’p,(@,Q;Z+,s; Z_,8) (C.29)

introducing the relative momentum (component) p.. This ensures that the above introduced relative
momentum vector p is from now on again a three-dimensional vector. This Fourier transformation
with respect to the relative spatial coordinate even in the z-direction is valid as long as the width
d of the considered film-geometry is large compared to the wavelength of light A, i.e. if

d< A (C.30)

is true. In terms of physics, this means that for quantities which change on the scale of the wave-
length, the system is translational invariant even in the finite z-direction. In experiments, this
requirement is perfectly valid, since the wavelength of light is about ~ 1 gm and the width of the
film is up to ~ 100 pm.

The result of the Fourier transformation is therefore

T2:(Q.9: 2,5 Z,5) = Gt (G.9: Z, 5) (Gp‘i:) (@, 2, 5)

d2p//
"
x/dZ /—27T (C.31)

x*yl‘}’ﬁ/,(Q_', VANV A ANAL ;;//ﬁ/(é, 072" 5,2 s)

x l(s F—p") + / 42"G5H (G, 2, 2") (G;j) (G, 2,2")

where all relative momenta, throughout this thesis denoted with lower-case characters, are now
three-dimensional vectors, whereas the center of mass coordinate remains Fourier transformed with
respect to the (x,y)-plane only.

The above form of the Bethe-Salpeter equation, Eq. (C.31), is the final expression describing light
propagation in systems of finite size. The solution of this equation is discussed in the next section.




Appendix D

Calculating the Memory Kernel
M ()

In this section we present the calculation of the memory kernel M (Q) which apeares in the current-
relaxation equation and more importantly in the definition of the full diffusion constant D(£2).

The memory kernel M (€2) contains the full irreducible vertex ~,,s, which was diagrammatically
calculated by Vollhardt and Wolfle by its most singular contributions, the so-called Cooperon, the
sum of all maximally crossed diagrams, depicted in Fig. D.1la. The Cooperon can be disentangled

K. ke ke Ky ke K

B [ X X

ke ke ke kb ke ke

(a) Cooperon contributions

ke ke ke ke ke Ky

r|_ - + + + ...

ke ke ke ko ke ko

(b) Diffuson contributions

Figure D.1:
(a) The Cooperon C as the sum of the mazimally crossed diagrams.
(b) The particle-hole ladder T' as sum of all ladder diagrams.

into a sum of ladder diagrams, as shown in Fig. D.1b, by flipping over one of the propagator lines
and exploiting time reversal symmetry. This has been discussed in detail in chapter 2. The result is

Cpp =T(q) (D.1)

with § = P+ p”. In any particle-hole diagram which contains a Cooperon, the singularity at p'= p’
is strongest if the Cooperon block is crossing the entire diagram diagonally, because otherwise the
singularity is integrated over and therefore weakened. Therefore, the (infrared) divergent behavior
of each diagram contained in the irreducible vertex 7, ,/ can be classified by the number of diagonally
crossing Cooperons as shown in Fig. D.2. The auxiliary vertex function 7 is defined as the sum
of all those irreducible diagrams which do not contain any diagonally crossing interaction line, and
the internal part ® is the sum of all reducible and irreducible particle-hole diagrams with the same
restriction. By reversing the lower Green’s function line in the last diagram in Fig. D.2 one obtains
Fig. D.3 which expresses the irreducible vertex in terms of particle-hole ladders, the so-called
Diffusons T.

97



98 APPENDIX D. CALCULATING THE MEMORY KERNEL M (Q)

By reversing the lower Green’s function line in the last diagram in Fig. D.2, the crossing blocks
C,, are disentangled into ladders I'(q) with the momentum argument ¢ replaced by 4 = p'+ p”,
compared to the last diagram in Fig. D.3. From this it is seen, that the internal part ® contains all
diagrams also present in the energy density correlation function ®,, except for those with ladders
I at either or both ends, because in the original definition any diagonally crossing interaction lines
had been excluded from ®. Therefore we write

@) = @, - R@T(@R(G) - R@T(@P(@) - (T (G R()
—R(§)T(q)2(q)T(q) k(d) (D-2)
where we defined R(q) = Zp GZI,QL G;‘Jr. Equivalently, we may write
®(@) [1+2R@T(@) + R@)’T(d@)°] = @,, - R(@T(G)R(G) (D.3)
[+ R@T(@)]° @) = @, — R(@T(GRA) (D.4)
Since the ladder diagrams can be summed up as a geometric series I' = 11?0 7 we have % =1+4+RT,
and can continue to write
= = 702 2
(@) = (1) (@4 ~ R@T(@)] (D.5)

From this it can be seen, that the divergencies of the crossing cooperons in the last diagram of
Fig. D.2 are cancelled by I'"2(q) in ®(§) and therefore only the singularity in ®,, itself is left.
Additionally diagrams with less than two Cooperon blocks are less divergent and may be neglected
and we find

Yy = T(@)+T(@e(a@)r()
Tpp' ng)pp +... (D.6)

Therefore, the irreducible vertex <,, is dominated by the pole structure of the correlation ®,,
and hence by the energy density correlation ®.., which depends on the diffusion coefficient itself

as shown in chapters in 3 and 5 and establishes a selfconsistent equation for the diffusion constant
D(%)

ke ki ke ki ke k. K. K,
vi - lyl +

k. k. ke ko k. ke k_ K-

k. ke ke kyQ2 k;Q2 k.

k- ke ke k;Q2 k,;Q2 k-

Figure D.2: Classification of all diagrams of the irreducible vertex in terms of Cooperons.




99

K- ke Ky k.
Yy -y
ko ok Ok kK
k. k.

o

A

-<

k-ai2 ka2 k.

Figure D.3: Transformation of the diagrams of Fig. D.2, expressing the irreducible vertex in terms

of particle-hole ladders, the so-called Diffusons I.
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Appendix E

Technical Transformations

E.1 Transformation of the Coordinate System

Here we wish to transform simple position variables to center of mass and relative coordinates. We
introduce the following transformation rules:

R = f2tn Ar = T =Ty

R = 2 Ar' = =7 (E.1)
R3y = % Arzy = rz—my .
R56 = % AT56 = T's —T¢

with inversions given by

r o= R+ % ry = R — %
r / Ar’ - / Ar’
LS = R + A2 To = R — AQ (E2)
rg = Ry + =5 ry = R3y — S5
Arse - Arg
rs = Rsg -+ Lo r¢ = Rsg — g =

According to these rules the derivative V2 changes to

V. = 5VatVa (E.3)

Vi o= [Vh+ VA +VaVs, (E.4)
and analogously for V%z

Ve, = %VR —Var (E.5)

Vi = [Vht VA - VaVs, (E.6)

E.2 Transformation used for Single Particle Greens Function

!
r 4y

R :=
2

Ar:=r —r] (E.7)
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